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The L X-Ray Spectrum of Solid Aluminum 


T. H. OsGoop, University of Pittsburgh 
(Received July 26, 1933) 


The L x-ray spectrum of solid Al has been observed to 
consist, not of sharp lines, but of a wide continuous band 


of radiation extending between the approximate limits 


YEVERAL writers! have pointed out recently 
that the soft x-radiations emitted by metallic 
atoms in the vapor state should be markedly 
different in character from those emitted by 
similar atoms which form part of a solid. In the 
former case, the spectrum is expected and is 
normally found to consist of numerous sharp 
lines, such as have been recorded in the experi- 
ments of Millikan and Bowen, and of Edlén and 
Ericson. In the latter case, the lines are predicted 
to be very wide and few in number. 

According to the electron theory of metals, an 
energy diagram for a few atoms A, B, C--- of a 
metallic solid is to be drawn approximately as 
indicated in Fig. 1, which relates to the particular 
case of Al. 
conduction 


\J electrons are also the 
and fill 
completely a set of closely spaced energy levels. 


Here the 
electrons, which occupy 
Above these, and below the surface energy level, 
exist many more permissible levels which are 
normally empty. Since the conduction-electron 
gas is practically degenerate at room tempera- 
ture, it is fair to assume that there is very little 
overlapping of the filled and empty valence 
electron levels. Far below these lie the L levels, 
' For example, O. W. Richardson, Proc. Roy. Soc. A128, 
63 (1930). H. W. B. Skinner, Proc. Roy. Soc. A140, 277 
(1933). W. V. Houston, Phys. Rev. 38, 1797 (1931). 


170 and 200A. with the 


Sommerfeld theory of free electrons in metals. 


This is in agreement Pauli- 


those of each atom being separated from one 
another by potential barriers represented, by 
loops in the diagram. The K level is not shown. 
The first step in the excitation of the L spectrum 
of the metal is the removal of an electron from 
the Ly wm levels of one atom. This must be 
carried at least to the top of the filled conduction 
electron levels since there is no allowable resting 
place below this. The actual emission of the L 
spectrum the filling of the 
vacancy in the Ly yy, level by an electron from 


then consists in 


any one of the filled conduction electron levels, as 
the 


represented by arrows in Fig. 1. The L 
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Fic. 1. Part of energy diagram for solid Al. 

radiation cannot be monochromatic, but must 
possess a range of energy equal to the energy- 
spread of the conduction electron levels, and will 
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therefore appear in a spectrogram as a wide band, 
whose intensity distribution will depend on the 
probabilities of transitions between the various 
levels. Such bands will be observed, of course, 
only when the energy-spread of the conduction 
electrons is an appreciable fraction of the 
ionization potential of the Ly yy electrons. 
Experimental confirmation of the existence of 
such spectra appears to have been obtained only 
in investigations carried out by the critical 
potential-photoelectric method. It is generally 
recognized that the interpretation of the results 
of work of this kind, in 
extraordinarily difficult, so that the most intelli- 


terms of spectra, is 
gible data have to do with the A radiations of the 
light metals? Li and Be. Rudberg,’ however, has 
searched with a quartz spectrograph through the 
visible and ultraviolet regions, in the hope of 
detecting bands of radiation from a few heavy 
metals and some lighter oxides. He met with no 
success, and it is possible that the spectra for 
which he searched were not exactly of the type 
with which we are concerned here. 

Houston! calculated the shape of the A band 
of Be on the basis of the Pauli-Sommerfeld free 
electron model and also on the basis of Bloch’s 
bound electron model, and compared his results 
with the experimental findings of Sé6derman.' As 
far as the width of the band is concerned, the 
but 


close to the 


agreement is good in both cases, neither 
calculated shape is sufficiently 
experimental result to decide in favor of one or 
the other model for Be. 

Some years ago the writer’? obtained with a 
concave grating a photographic spectrum of the 
soft x-radiation solid Al in 
40-200A. A portion of this is reproduced in Fig. 


from the region 
2, which shows clearly an emission band, with a 
sharp edge on the short wave-length side; as the 
wave-length increases, the intensity in the band 
decreases steadily. This point is brought out 
more definitely by the microphotometer record 
shown in Fig. 3. These two pictures have been 
made from a paper print, as the original plate is 

7H. W. B. Skinner, Proc. Roy. Soc. A135, 84 (1932); 
and reference 1. 

3E. Rudberg, Proc. Roy. Soc. A129, 652 (1930). 

*M. Séderman, Zeits. f. Physik 65, 656 (1930). 

°T. H. Osgood, Nature 119, 817 (1927); Phys. Rev. 30, 
567 (1927). 
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Fic. 2. The ZL x-ray emission spectrum of Al. 


Fic. 3. Microphotometer record of the emission spectrum 


in Fig. 2. 


not at present available and may have been 
destroyed. The two bright horizontal streaks in 
Fig. 2 are blemishes on the Schumann film. No 
significance must be attached to the small vari- 
ations in intensity which the tracing shows along 
the band, as these are due to the grain of the film. 
It is believed that this emission band is the L 
x-ray spectrum of Al. No other lines or bands of 
comparable intensity in the spectrum of this 
metal were recorded in the region 40-200A. 

The original measurements on the spectrum in 
ig. 2 gave a value 167A for the wave-length of 
the sharp edge, with an error of perhaps 3 
percent. The width of the emission band was 
found to be 30+2A. From these figures, it is easy 
to compute® the number of free electrons per 
atom in solid Al. This turns out to be between 2.9 
and 3.0 electrons per atom, with an uncertainty 
in keeping with that of the measured width of the 
band,—a result in good agreement with chemical 
evidence. Further, the shape of the band, as 
shown by Fig. 3, is almost exactly that predicted 
by Houston for a free electron model, as might 
have been expected on account of the high 
conductiy ity of Al. 

Krom Fig. 1 it is clear that the high frequency 
edge of the band must correspond very closely 
with the Ly yy, absorption limit of Al. The 
energy of this limit has been measured directly 
by Holweck for solid Al, indirectly by Millikan 
for the free atom, and has been computed for 


® J. Frenkel, Wave Mechanics, Elementary Theory, p. 215. 
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atomic Al by various authors.’ Their values range 
from 68 to 70.6 electron-volts. The agreement 
between these and the figure 74 electron-volts 
(167A) found above is not good, particularly 
when it is remembered that the energy of the high 
frequency edge of the emission band cannot be 
greater than that of the L absorption limit. It is 
probable that the discrepancy is attributable to 
some uncompensated systematic error in the 1927 
measurements,’ or to an over-optimistic estimate 
of the experimental errors, for it appears impos- 
sible to account rationally for this Al spectrum in 


™F. Holweck, De la Lumiére aux Rayons X (1927), 
p. 131, and International Critical Tables. 

8’ The wave-lengths in this early work were computed 
entirely from the geometrical configuration of a somewhat 
primitive concave-grating spectrograph. The one line 
which has since been located with considerable precision 
was at that time assigned too low a wave-length. 
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any other way than that outlined here. The 
difficulty will be resolved as soon as this spectrum 
has been photographed with a plane grating. 

In the whole of this argument the L, level has 
been disregarded. It is, however, probable that 
any radiation associated with this level would be 
faint in comparison with that due to the Ly m 
levels. A careful search ought to reveal these 
unusual wide-line spectra in the case of many 
elements, and would perhaps provide a veri- 
fication of the existence of the K resonance 
radiation of light metals, detected by other 
means in the work of Skinner.* 

The microphotometer record in Fig. 3 was 
obtained through the kindness of Dr. N. 
Rashevsky of the Research Laboratories of the 
Westinghouse Electric and Manufacturing Com- 
pany. 
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Absorption of NaCl, KCl and KI in the Far Ultraviolet 


ALBERT SMITH, The Johns Hopkins University 
(Received June 12, 1933) 


With a normal incidence concave grating vacuum 
spectrograph with a hot spark for a light source and oiled 
photographic films, qualitative absorption curves for NaCl, 
KCl, and KI between 190A and 1550A have been obtained. 
The absorbing film of the alkali halide was distilled directly 
onto the ruled surface of the grating. The positions of 
maximum absorption as read from the three curves pre- 


I. INTRODUCTION 


ERZFELD and Wolf,' from the dispersion 

curves for NaCl and KCl in the near infra- 
red, have calculated three principal positions of 
maximum absorption for these halides at wave- 
lengths shorter than 2000A. For NaCl the posi- 
tions were: weak absorption at 1584A, and 
strong bands at 1085 and 347A. 

The absorption in the 1600A region was veri- 
fied by Pfund? who observed the metallic reflec- 
tion from cleavage planes of NaCl and KCl. 
Hilsch and Pohl’ with a vacuum fluorite spectro- 
graph investigated in detail the absorption be- 
tween 1600 and 2600A of the remaining alkali 
halides. 

Recently Hilsch* has used the scattering of 
electrons from thin films of the alkali halides as a 
qualitative means of determining the positions of 
maximum absorption. He was able to check the 
results of Hilsch and Pohl excellently but no new 
regions of maximum absorption were observed at 
shorter wave-lengths despite the fact that his 
curves are continuous down to electron energies 
corresponding to 450A. 

The present investigation has for its purpose 
the qualitative determination of the general form 
of the absorption curved for NaCl, KCI and KI 


1K. F. Herzfeld and K. L. Wolf, Geiger-Scheel Handbuch 
der Physik 20, 480 to 634. 

2 A. H. Pfund, Phys. Rev. 32, 39 (1928). 

*R. Hilsch and R. W. Pohl, Zeits. f. Physik 59, 812 
(1930). 

*R. Hilsch, Zeits. f. Physik 77, 427 (1932). 


sented are: for NaCl, 655A, 535A, 350A, and 890A; for 
KCl, 705A, 530A, 320A, and 1120A; for KI, 825A, 625A, 
and 510A, all accurate to 6 percent. These results are at 
variance with early theoretical extrapolations from the 
known form of the dispersion curves for rocksalt and 
silvite in the near infrared. 


between 190 and 1550A. The method and pre- 
liminary observations on NaCl have already been 
briefly described.’ 


Il. APPARATUS AND METHOD 


A normal incidence vacuum spectrograph, de- 
signed for use with a one-meter grating, together 
with a hot spark for a light source, was used. The 
general arrangement is shown in the schematic 
diagram of Fig. 1. The hot spark is of the conven- 
tional type, having in series with it an auxiliary 
gap in air. It is excited by transformer and con- 
denser in the manner described by O’Bryan.* The 
water-cooled electrodes were of tungsten or cop- 
per. The discharge was run intermittently, every 
two seconds, for 4 of a second duration during 
which time the transformer drew 45 amperes at 
125 volts and 60 cycles. 

The grating was especially ruled for this in- 
vestigation on a spherically figured concave flint 
glass blank with 15,000 lines to the inch. The 
ruling, which covers about 25 square centimeters, 
was intentionally made very light. The reflecting 
power of glass is far superior to that of speculum 
metal for these short wave-lengths; moreover, in 
the spectral region studied, it was found that 
glass gratings always gave more intense spectra 
than speculum ones. The dispersion of the grating 
was 17A per mm. 

The spectrum was recorded on oiled Commer- 
cial Safety film which was wrapped around the 

5 A. Smith, Phys. Rev. 39, 1013 (1932). 

®°H. M. O'Bryan, Phys. Rev. 38, 32 (1931). 
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Fic. 1. Schematic diagram of vacuum spectrograph. 


outside of a blackened metallic cylinder (Fig. 1a). 
It was manipulated as described by Pfund.? As 
many as 36 spectra could be obtained on a single 
film without opening the apparatus. 

In the extreme ultraviolet the absorption is so 
strong that very thin layers of the salts must be 
used. To avoid the necessity of a supporting film 
the salts were distilled directly onto the ruled 
surface of the grating. This is accomplished by 
vaporizing a small fused bead of the alkali halide 
from an electrically heated conical tungsten spiral 
placed about 13 cm from the grating and just far 
enough to one side to be out of the path of the 
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Detail of film holder. Vertically projected 
spectrum passed through slot AB, in outer cylinder / 
striking inner cylinder C about which is wrapped photo- 
graphic film. Stopcock S permits rotation of cylinder C for 
successive exposures. Amount of rotation is observable by 
graduations on C at T through window W in hemispherical 


A small cubical copper box, with one side miss- 
ing, was supported from one corner by a rod so 
pivoted that it could be rotated from the outside 
so as to enclose the spiral and shield the grating. 
The whole procedure was viewed through a glass 
window with a small telescope. In manipulation, 
the heating current to the spiral was turned on, 
and, a few seconds later, when the halide was 
being freely distilled from the spiral onto the in- 
terior of the copper box, the box was swung out of 
the way for a second or two so as to deposit a 
thin coating of the halide on the grating. 

In making a complete run with the apparatus, 
therefore, the procedure was first to take several 
spectrograms of the source of different exposure 
times with the grating clean; then, after distilling 
a very thin layer of the halide onto the grating, 
to repeat these same exposures. The quantity of 
the salt on the grating is at all times so small 
that it is scarcely detectable when the grating is 
removed and examined visually. 

As the thickness of the absorbing film is in- 
creased an interesting sequence of changes in the 
appearance of the spectrograms is noted. For the 
thinnest films the region of maximum absorption, 
around 675A for NaCl, becomes apparent. Next 
the 675A region broadens and an absorption 
maximum at about 900A appears. This is followed 
by the appearance of absorption at about 1600A 
while the structure in the absorption below 1000A 
is gradually wiped out. Finally with increasing 
salt thickness the absorption at 1600A is replaced 
by a reflection maximum displaced about 85A to 
1685A. There is an analogous phenomenon in the 
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Fic. 2. Absorption curve for NaCl, showing absorption maxima at 655A, 535A, 350A, and 890A. , 
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Fic. 3. Absorption curve for KCI. showing absorption maxima at 705A, 530A, 320A, and 1120A. ch 
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Fic. 4. Absorption curve for KI showing absorption maxima at 


825A, 625A, and 510A. 
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visible spectrum which is easy to observe for cer- 
tain dyes, such as methyl aniline violet. In the 
spectral range between 190 and 1550A no reflec- 
tion maxima were ever observed by the experi- 
mental method of this paper. It is thought prob- 
able that the increasing roughness of the surface 
due to deposition of the salt film or its increasing 
cloudiness with increasing thickness, may ac- 
count for the fact that we find no reflection 
maxima at these shorter wave-lengths. 

At the conclusion of each run, the grating was 
cleaned by dabbing it with absorbent cotton 
wetted first with distilled water and then with 
acetone. The grating is considered clean when 
the film of acetone dries without leaving any 
noticeable stain or ‘“‘contour”’ lines. 

Precautions were taken to be sure that the 
alkali halide distilled onto the grating was free 
from any contamination or decomposition. Dis- 
tillation was carried out at as low a temperature 
as possible. Further, the same tungsten spiral has 
been used for distilling the various halides for the 
last twenty-eight runs with but slight evidence 
of deterioration, all of which is thought to have 
taken place at the end of the runs, when the 
tungsten is made to glow at a much higher tem- 
perature in order to clean out all traces of the 
halide. 


III. INTERPRETATION OF SPECTROGRAMS 

To determine the absorption of the films, the 
spectrograms taken with various thicknesses, in- 
cluding zero, were run through a Moll micro- 
photometer. (Since the thicknesses were not 
measured only relative absorptions could be 
determined.) The logarithm of the ratio of the 
microphotometer readings for a given spectrum 
line with and without salt film at the same expo- 
sure time gives the ratio of the intensities of the 
light in the two cases and hence the absorption 
in the salt film. This is true provided the black- 
ening of the photographic film is proportional to 
the light intensity. Care was taken, by comparing 
absorptions measured on spectrum lines of very 
different intensities, that the exposures were in 
the range in which this proportionality held. 
From an intercomparison of the data taken with 
tungsten and with copper sparks it is estimated 
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that the relative magnitudes of the absorption 
are accurate to within 40 percent and the posi- 
tions of the maxima to 6 percent. 


IV. RESULTS AND DISCUSSION 


Figs. 2, 3, and 4 show the form of the absorp- 
tion curves found for NaCl, KCI and KI, re- 
spectively. Considerable difficulty is experienced 
in procuring a salt film on the grating of the 
requisite thickness to give such curves, for quite 
frequently the film is so thick that it is opaque 
below 1000A, while at other times it is so thin 
that the position of maximum absorption is just 
beginning to appear. In the curves of Figs. 2, 3, 
and 4, the thickness was such as to absorb about 
90 percent of the incident energy at the wave- 
length of maximum absorption. Twenty-one 
separate runs were taken in obtaining the three 
useful photographic films from which these 
graphs were obtained. These curves, which were 
all obtained with the aid of the tungsten spec- 
trum are typical ones. The reason for extending 
the curves so far up towards the 1600A region is 
to show that, with the film thickness of halide 
used for these particular curves, there is but little 
absorption of this longer wave-length region. 

By referring to Figs. 2 and 3, it isseen that there 
is striking similarity between the absorption of 
the NaCl and KCl. The maxima at 655A, 535A, 
and 350A for NaCl seem but slightly shifted 
when we pass to KCl, while, on the other hand, 
the maximum at 890A for NaCl shifts to 1120A 
for KCl. This suggests that for these two halides 
absorption below 800A is more dependent on the 
negative than on the positive ion of the lattice. 
The curve for KI, Fig. 4, where we have now 
changed the negative ion, seems to bear out this 
statement, since the maxima have shifted to 
considerably longer wave-lengths. 

From a consideration of the proper frequencies 
of absorption as here experimentally determined, 
it is hoped that a theoretical calculation of the 
refractive index for these alkali halides will be 
made. 

The author wishes to express his indebtedness 
to Professors A. H. Pfund and K. F. Herzfeld for 


their interest and assistance. 
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The Continuous Absorption Spectrum of Helium 


J. P. Vinti,* Randal Morgan Laboratory of Physics, University of Pennsylvania 
(Received May 27, 1933) 


The author's previous calculations on dispersion and 
absorption in helium are extended to the continuous 
spectrum. By using ground state wave function due to 
Eckart, the intensity distribution (df/dW) within the 
continuum is calculated as a function of frequency. Table I 
and Fig. 1 give the results in detail. The total f-value of 
the continuum is found to be 1.55, which number when 
added to the f-values previously found for the principal 
series and double jumps gives a total f-value of 2.13 as 
against the mathematically required value 2.00. The 


series limit value of df/dW obtained from the formula for 
the continuum is 1.05, agreeing with that found by ap- 
proaching the series limit from the side of the discrete 
spectrum. The atomic absorption coefficient ua. of helium 
for the Ka line of carbon (44.6A) is calculated to be 
3.24 10-*° cm™', agreeing fairly well with the value 
2.38 107° cm found experimentally by Dershem and 
Schein. The results of the present paper are compared with 
those due to J. A. Wheeler, who used a Hylleraas function 
for the ground state of helium. 





INTRODUCTION 


N a previous paper! the author showed that of 
the various parts of the absorption spectrum 
of atomic helium, the principal series absorption 
is of moderate intensity, that due to double 
jumps very weak, and the continuous absorption 
very strong. The principal series absorption and 
that due todouble jumps were calculated directly, 
and then from the f-sum rule the estimate was 
made that the f-value of the continuum must be 
at least 1.42, i.e., 71 percent of the total f-value, 
which must be exactly 2. In this paper the con- 
tinuous spectrum is treated directly with a view 
to obtaining the distribution of intensity within 
it, as well as its total amount. 

In the case of the continuous absorption spec- 
trum which lies at the limit of the principal series, 
the configuration of the excited state is (1s) 
(continuous p) and the state is a 'P; this follows 
from the selection rules that the change in azi- 
muthal quantum number must be unity for a 
one-electron jump, and the non-intercombination 
rule that singlets combine with singlets but not 
with triplets. 


Notation and definitions 


Let the index 0 denote the ground state of the 
helium atom and its energy W the excited state 


* Harrison Research Fellow in Physics, University of 
Pennsylvania. 
1 J. P. Vinti, Phys. Rev. 42, 632 (1932). 


(of the continuum). Also, let Wy and yo be the 
energy and wave function of the ground state, and 
use atomic units. Then the f-value from the ground 
state to the range W, W+dW of the continuum is 
(df/dW)dW, where 


df/dW=}(W-W,) > 


m=1, 0, —1 


( Xow 


+ | yow |*+ |Zow|*), (1) 


with 


Xow -{ Yo(x: +xo)Wwdridro, etc. (2) 


The summation is over m, the magnetic quantum 
number of the p-electron of the excited state of 
the continuum. yo is normalized to unity in (2), 
but ww is normalized to the 6-function. That is, 


[ dudwedrdre=5(W— WwW’), (3) 


where 6(W— W’) is the Dirac singular function 
with the properties 


6(W-—W’)=0 (W'+W), 


(4) 
faw- W’)dW’ = 1. 


This is the regular normalization requirement for 
a wave function of the continuum.’ 





Cf. P. A. M. Dirac, Principles of Quantum Mechanics, 
p. 78. 
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THE WAVE FUNCTIONS 
We have now to specify the wave functions Yo and ww. For Yo we use: 
Wo=[u,(1)ms(2) +u,(2)us(1) ]/L201 +c?) }}, (5) 


where u, and us; are hydrogenic functions for 1s, with parameters y = 2.14 and 6=1.19 in place of 
Z=2. This function gives an energy —5.76 atomic units as against the experimental — 5.81, so that 
it is presumably much more accurate than any one-parameter function for the helium ground state. 
(The simple Z— 5/16 function gives —5.70.) Furthermore, while presumably not so accurate as that 
due to Hylleraas, it is far simpler to handle. 

For the wave function Pw of (1s) (continuous p) 'P, we use a function similar to that for (1s)(mp) 'P.4 

In this function the 1s electron is treated as moving in a field about a charge 2e and the continuous 
pelectron about a charge e; that is, the 1s electron is a perfect shield and the p electron a zero shield. 
The function is: 


Ww =(u(1)0(2) +(2)0(1) ]/2}, (6) 


where u is the 1s hydrogenic function about a charge 2e (normalized to unity) and v is the continuous 
p hydrogenic function about a charge e (normalized to the 6-function). It follows that Yw is then also 
normalized to the 6-function. To show this, let & denote the energy of the p electron, and use the 
orthogonality of the functions u and v, the normalization of u, and the condition 


ve(J)ve (jdt; =5(E—E’). 
We find that 
| Ywvwedr dT» = 5(E — FE’), 


which will be shown later to equal 6(W— W’). 

The function v is expressible as an angle function Yj,,(@, @) times a radial function Re(r); it will be 
normalized to the 6-function if its angle part is normalized to unity and its radial part to the 6-function. 
Sugiura® has given the most convenient form for the radial factor Re(r); on expressing the radius r 
in atomic units we have for a p electron in the field of a charge e: 


iz} 
Re(r) =(2 2B f e?(2—iF!)'-'® (4G) i® de, (7) 
izA 
where 
f?(E) =exp (37E~!)[exp (rE~!) —exp (— rE“) )/[82°(14+ 2) }. (8) 


Calculation of the matrix elements and the f-value 
Using Eqs. (2) and (6), we find 








x hy xow |?+ | vow |?+ | Zow |?) = 27x J?, (9) 
where - 
J= [ vou(2)Re(1)rdrvratdre (10) 
Making use of Eq. (5) with u,(r)) = (y*/m)'e-™, etc., we find 
J =(1/2)[1(y)®(5) +1(5)%(y) ]/[24(1 +c%) J, (11) 
where 
*C. Eckart, Phys. Rev. 36, 883, Eq. (17) (1930). "SY. Sugiura, J. de Physique 8, 113 (1927). 


* Reference 1, p. 634, Eq. (15). 
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(e)=26 f re-’Ry(r)dr, (e) = (4/7) (26) *(e€+2)-4, e=y or 46. (12) 
0 
From Eqs. (12) and (17) we obtain, after integrating with respect to r: 
iE} 
I(e) =i4 !e!f(E) (s—iE})!-i# 4 (g4 GE) 1+i# *(¢ —2) Sd. (13) 
—iE} 
By a method of contour integration similar to that given by Fuess,® we obtain for J(€) an expression 
which, when squared, after insertion of the expression (8) for f?(E), becomes: 


278(1+£) (2e—1)? exp [— 4E 4tan-! (EB, ‘1 
= (14 
(e2+£)*[1—exp (-2 InE ') | 


From Eqs. (9), (11), and (14) we find 
DL = 1691 (-y) (6) +1(5)P(y) ?/(1+c°), (15) 


m=1,0,—1 


this being the sum occurring in Eq. (3) for df/dW. 
We have now to consider the energy difference W— W,. In the case of the discrete principal series 


of helium, (1s)("p) 'P, the term value in atomic units is expressible for the higher ’s by a formula 


of the form 1/(m+A)*, where A is about 0.012. Thus for (1s)(np) 'P 
W,= —4-—1/(n+A)?= —4—1/n?(1—2A/n), for large n (16) 


and W,— W,=1.81—1/n?+2A/n*. For n>10, the error in W,,— W, due to neglect of the term 24/n' 
is thus about 1 part in 100,000, i.e., it is entirely negligible. Now if for (1s)(mp) 'P we use a wave 
function similar to that which we are using for (1s) (continuous p) 'P, viz., 


Wn =[u(1)v(2) +u(2)0(1) /2, 


where u is a hydrogenic function for 1s with zero shielding and v is a hydrogenic function for np with 
unit shielding, then on computing W, by /y,//Wndridro, where // is the exact energy operator 
—V?-—V2—4/r,—4/re+2/rio, we find W,= —4—1/n?+J.4+J,., where the correction terms J, 
and J, are coulomb and exchange energies. On comparing with the above empirical formula (27), 
we see that J.+J, is of the order 2A/n', so that it is negligible for the higher members of the principal 
series. By extrapolation, on going to the continuous spectrum (1s) (continuous p) 'P, we expect 
J.+J, to be negligible in this case also, especially since we should not expect their neglect to intro- 
duce an error of, say, more than 1 percent into df/dW, which is undoubtedly less than the error due 
to the inaccuracy of our approximate wave functions. To this approximation, then 
W=-4+E (17) 
and 
W—W,=1.8069+E. (18) 


At this point it is at once evident from Eq. (17) that 6(E— E’) satisfies the conditions (4) for 6(W— W’), 
so that 


vwiwdridr, =5(W—W’). 


Thus the continuous spectrum wave functions have been correctly normalized by our procedure. 


® FE. Fuess, Ann. d. Physik 81, 309 (1926). 


\ 


Fig. 
wav 
plot 


G 
gave 
E= 
totie 
the 
().00 


af/dw 


FiG 


MMMM NRMNMK RK KKK OSS SSS SSeS 


CO eR OD DA SRO CORD HAUS Wr 


|| au. moO 


CONTINUOUS ABSORPTION SPECTRUM OF HELIUM 527 
We have, finally, from Eqs. (1), (15) and (18) 
df /dW = (16 x?/3)(1.8069 + E)[I(y)(6) + 1(6)@(y) }?/1.775. (19) 


Fig. 1 gives a plot of df/dW against E. The scale of abscissae is marked also with the values of the 
wave number and wave-length of the absorbed radiation. Table I gives the values computed in 


plotting this curve. 


Graphical integration and Simpson's rule both 
gave the figure 1.55 for the f-value from E=0 to 
E=100. For values of E>100, a simple asymp- 
totic expression obtained from Eq. (19) showed 
the integral from 100 to infinity to be less than 
0.001. Thus the total continuous f-value turns out 





é 1 1 1 — a, 
E,,0 ' 2 3 a 5 6 7 8 9 10 , 
VAx10,1983 5.060 4.178 S275 6372 7.470 ASET 9.664 10.76 11.86 12.96 cm 
A, 5043 324.6 239.4 189.6 1569 155.9 116.7 103.5 92.92 6452 TLIGA 


Fic. 1. Plot of df/dW vs. E, wave number, and wave- 
length. I, Wheeler; II, present paper. 





TABLE I. Values computed in plotting Fig. 1. 


1/d 








to be 1.55. On comparison with the f-values found 
previously' for the principal series (0.54) and the 
doubly-excited states (0.04), the total f-value 
comes out 2.13. According to the Kuhn-Reiche 


f-sum rule, the result should be exactly 2. The 


error is thus about 6 percent; it is probably due 
principally to the error in our ground state wave 
function. 

It is interesting to compare the series limit 
value of df/dW obtained from the continuous 
spectrum and that obtained from the discrete 
spectrum. On inserting E=0 in Eq. (19) we ob- 
tain (df/dW) ser. tim = 1.047. Now, Eqs. (6) and 
(7) of reference 1 give together a general formula 
for fn, the f-value of the (m—1)th line of the 
principal series. These formulas lead to an asymp- 
totic formula: 

fn = (1.807) (1.159) /n'. (20) 


Now, as has been shown by Hargreaves,’ if 


fx=C/n', then the series limit value of df/dW 


equals }C. This leads to 1.047 for the series limit 


1/r , . 
E (em™) (A) df = E (em~') A(A) df /dW value of df dv . thus the values obtained by the 
— . two methods check, showing the self-consistency 
10° 10 . 
0 rea 504.3 1.047 | 3.8 6.153 162.8 0.0940 of the calculations and providing a check on the 
0.1 2.093 477.9 0.9214) 4.0 6.372 156.9 0.0873 continuous spectrum calculations. 
0.2 2.202 454.1 0.8159} 4.2 6.592 151.7 0.0812 , I , ES : 
0.3 2.312 432.5 0.7299) 45 6.921 144.5 0.0747 We can obtaina further check on these calcula- 
0.4 2.422 412.9 0.6565) 4.8 7.250 137.9 0.0662 tions by computing the atomic absorption coeff- 
05 2.532 395.0 0.5946] 5.0 7.470 133.9 0.0620 y » leila tar tee ec tana ania, ie 
0.6 2.641 378.6 0.5415, 5.5 8.018 124.7 0.0531 CORE GF REWUM tor the Ae Ne Gi CArUOR. IRs 
0.7 2.751 363.5 0.4953) 6.0 8.567 116.7 0.0458 coefficient has been determined experimentally 
0.8 2.861 349.6 0.4554) 6.5 9.116 109.7 0.0397 . a : 
0.9 2.970 336.6 0.4202 70 9.664 103.5 0.0347 by Dershem and Schein, who found the atomic 
1.0 3.080 324.6 0.3890} 7.5 10.21 97.91 0.0305 absorption coefficient u, to be 2.38 10-9 em™!” 
1.2 3.300 303.1 0.3372) 8.0 10.76 92.92 0.0269 or a : ‘- - — 
14 3519 284.2 0.2050/ &5 11.31 8841 0.0239 The coefficient uw. is given by u/No where No is 
1.6 3.739 267.5 0.2607) 9.0 11.86 84.32 0.0213 the number of atoms per cc and yw the constant 
20 4.178 239.4 0.2085! 10 12.96 77.18 0.0171 appearing in the formula tor the dec ay ot inten- 
22 4.397 227.4 0.1875) 16 19.54 51.18 0.00588 sity in an x-ray beam on passing through a thick- 
24 4.617 216.6 0.1698] 25 29.42 33.99 0.00186 a. x of the gas: 
4.9 4.726 211.6 0.1619] 36 41.49 24.10 0.000672 _s = 
26 4.836 206.8 0.1547) 49 55.75 17.94 0.000272 I =Iee-** 
28 5.055 197.8 0.1411] 64 72.21 13.85 0.000120 mage’ 
3.0 5.275 189.6 0.1295] 81 90.87 11.00 0,0000583 
4 oa 182.0 0.1 190 100 111.72 8.95 0.0000296 7 J. Hargreaves, Proc. Camb. Phil. Soc. 25, 91 (1928-29). 
35 pte, TF peed 6 2259 6 OREN § Dershem and Schein, Phys. Rev. 37, 1238 (1931). (The 
36 5.933 168.5 0.1014 author is indebted to Dr. J. A. Wheeler of Johns Hopkins 
es J = — University for calling his attention to this paper.) 
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From 


u=No(hv/c)dBo,/dy, (21) 


where dBy,/dv is the Einstein B-value for ab- 
sorption, and the general relation 


d Bo, /dv = (mre? /mhyv)df/dv, (22) 
we find 
w= (rNoe?/mce)df/dv. (23) 
Thus 
Ma = (re?/mcR)df/dW, (24) 


where R is the Rydberg frequency. The coefficient 
(re?/mcR) equals 8.0210-'8 cm~!. From the 
wave-length of the Ka line of carbon (44.6A) we 
find the corresponding E to be 18.6 and from 
Eq. (19), df/dW to be 4.04 10-*. Our calcula- 
tions thus give for uw. a value 3.24 10-*° cm“, 
which is 32 percent higher than the experimental 
value 2.38 X10-*° cm™! of Dershem and Schein. 
In view of the difficulty and consequent unre- 
liability of absorption measurements in this 
spectral region, the agreement may be considered 
satisfactory. 

While this paper was being prepared for publi- 
cation, there appeared a paper by J. A. Wheeler® 
on the same subject. Wheeler uses a more accu- 
rate but much more complicated ground state 


9J. A. Wheeler, Phys. Rev. 43, 258 (1933). 


VINTI 


wave function due to Hylleraas. The results on the 
continuous spectrum check very well, considering 
the difference in the functions used. Wheeler ob- 
tains 0.93 for the series limit df/dW as against our 
1.05, and 1.58 for the total continuous f-value as 
against our 1.55. Fig. 1 shows the curves for 
df/dW obtained by both methods. Wheeler's 
estimate of the f-value of the principal series, 
however, does not seem to be acceptable, in view 
of the fact that he assumes the inverse n° law for 


f, to hold good beginning with the second line. 


This law is clearly only asymptotically valid. For 
example, the formula for f, given in Eqs. (6) 
and (7) of reference 1 is approximated by an in- 
verse n® law with 5 percent error only for values 
of m greater than 10. Furthermore, the inverse n' 
law that Wheeler uses for the principal series 
leads to the value 1.06 for the series limit df/dW 
as against his value 0.93 obtained by approaching 
this limit from the side of the continuous spec- 
trum. The better check with the f-sum rule that | 
Wheeler obtains (he finds 2.00 on neglecting | 
double jumps) seems thus to be to some extent 


' 
® ' 
fortuitous. 

The author wishes to acknowledge his grati- 
tude to Professor E. E. Witmer for interesting 


discussions in connection with this paper. 
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The Disintegration of the Nuclei of Nitrogen and Other Light Atoms by Neutrons. I 


WittiaM D. Harkins, Davin M. Gans AND HENRY W. Newson, George Herbert Jones Laboratory, University of Chicago 
(Received June 12, 1933) 


Disintegration experiments with N, C and Ne.—Thirty- 
one disintegrations of nitrogen have been found in 7600 
pairs of photographs of a Wilson chamber through which 
neutrons were shot from a Be-Ms Th source. Of these, 
nineteen were disintegrations in which the neutron was 
captured according to the reaction 


No'4§ +2,'—N, 5B," + Heo. 


The distribution curve which shows the number of disinte- 
grations for each velocity interval of the neutrons at 
capture exhibits a peak at 3.210" cm/sec. The lowest 
velocity which produces such a disintegration is 1.9 10° 
and the highest 5.5 x 10°. The form of the curve is explained 
by the assumption that the probability that a neutron 
will be effective in producing disintegration increases 
rapidly with its velocity but that, as the velocity con- 
sidered lies higher and higher above 3.2 10° cm/sec., the 
number of neutrons present at such a velocity decreases 
rapidly. The data are too few to show any indication of 
resonance. The highest energy found for a neutron at 
capture is 15.810° electron-volts, while, according to 
theory, it should be 14.710° provided the a-particle 
comes from Th C’. 


Disappearance of energy and emission of +y-rays. 
Without exception, for every disintegration of an atomic 
nucleus by capture of a neutron, kinetic energy (a) has 


1. INTRODUCTION 


HE recent discovery of the neutron has 

suggested several fundamental problems 
for investigation. Some of these may be outlined 
as follows: (1) The relation of the neutron to the 
structure of more complex nuclei. (2) The nature 
of the neutron and its relation to positive and 
protons. (3) The 
of y-rays associated (a) with the 
emission of neutrons from nuclei and also (b) 


negative electrons and to 
emission 


with the disintegration of nuclei by the impact of 
neutrons. (4) The law of force between neutrons 
and other nuclei. (5) The validity or non-validity 
of the Harkins-Masson nuclear formula as a 
constitutional formula for all nuclei. This formula 
is discussed in Section 2. 

The experimental investigation described in 
this paper has a bearing on all of these topics but 


been conserved or (b), much more often, disappears. It is 
assumed that this energy plus any energy in the form of 
mass which disappears, is converted into y-rays. The 
values obtained suggest that the spectrum of these y-rays 
is a line spectrum, which obviously may be superimposed 
upon a continuous spectrum. Conclusive evidence of this 
cannot be obtained until the accuracy of the work is 
increased by an increase in the range of the disintegration 
products, 

Disintegration as related to scattering.—-Nine disinte- 
grations of the nitrogen nucleus were obtained in which 
it is probable that either (a) the neutron was first deflected 
by a nucleus and later disintegrated a nitrogen nucleus 
with capture or (b) the neutron was not captured. 


Modified Wilson cloud track apparatus..—_The features 
of a modified Wilson apparatus, which are considered 
essential to the accuracy of this work, are described. 


Disintegrations of neon and carbon.—On June 12 
thirteen disintegrations of neon nuclei were found in 3200 
pairs of photographs. The kinetic energy which disappeared 
was found to vary from 5 to nearly 11 million electron- 
volts. The same number of photographs gave only 2 
disintegrations in ethylene. Presumably these were dis- 
integrations of carbon nuclei but it is possible that they 
were due to the oxygen of the water. 


the data thus far calculated relate to (1) the 
disintegration of light nuclei by fast neutrons, (2) 
the kinetic energy which disappears in the 
disintegration process and is presumably emitted 
as y-rays and (3) the distribution of velocity for 
the neutrons effective in producing disinte- 
gration. The other data will be presented in later 
papers. 


2. Tne Emission OF NEUTRONS! FROM NUCLEI 


In 1915, Harkins and Wilson? showed that the 
atomic weights and atomic numbers of the light 


' Bothe and Becker, Zeits. f. Physik 66, 289, 307 (1930); 
Curie, Comptes Rendus 193, 1412 (1931); Joliot, Comptes 
Rendus 193, 1415 (1931); Chadwick, Proc. Roy. Soc. 
A136, 692 (1932). 

? Harkins and Wilson, Proc. 
(1915); J. Am. Chem. Soc. 37, 


Nat. Acad. Sci. 1, 276 
1383 (1915); Harkins, 
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elements of even atomic number may be repre- 
sented by the assumption that such nuclei 
consist entirely of units with a charge of 2 anda 
mass of 4, which correspond both in charge and 
mass with helium nuclei (@-particles) (Table 1). 


TABLE I. 


He Be C O Ne Mg Si S 


Atomic number 2 4 6 8 10 12 14 16 
Atomic weight pre- 

dicted 4 8 12 16 20 24 28 32 
Atomic weight de- 

termined 4 9 12 16 20 24 28 32 


Composition of atom He HesH He; He, He; Hes He: Hes 


However, in the single case of the beryllium 
nucleus, it was necessary to assume the presence 
of a neutral nuclear particle or neutron with 
about the mass of a hydrogen atom. This gave 
rise to the idea that the neutron in the beryllium 
9 nucleus takes the place of the third a-particle 
in the carbon nucleus and is essential to give 
stability. According to this view, Be* should have 
an unstable nucleus. 

In a nuclear chart drawn at that time, Be® was 
found to lie on a higher level than the hypo- 
thetical Be* and this was expressed later by 
giving to Be® the isotopic number 1, while all the 
other atoms of Table I were assigned the isotopic 
number 0 (Fig. 1). According to the Harkins- 





Uc 
= ? 
Se 
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Atomic Number 
Fic. 1. Relations for the emission of neutrons by light 


nuclei on bombardment with a-particles. 


Masson’ nuclear formula (p2e)z(pe); or (np) zn, 
the isotopic number (1) gives the number of 
neutrons not associated with protons. Thus in 
Fig. 1, the atoms Li’, Be’, B", etc., may emit 
neutrons without nuclear bombardment provided 
they lose energy in falling to the isotopic number 
0. If such a nucleus is bombarded by an a- 
particle which is captured, the atomic number is 


J. Am. Chem. Soc. 42, 1956-1997 (1920); Rutherford, 
Proc. Roy. Soc. A97, 374-400 (1920). 

3 Harkins, Phys. Rev. 15, 73-95 (1920); J. Am. Chem. 
Soc. 42, 1956-1997 (1920): Phil. Mag. 42, 305-339 (1921); 
Masson, Phil. Mag. 41, 281 (1921). 
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increased by 2, and the kinetic energy of the 
a-particle, plus the energy of mass of the 
a-particle and the nucleus to which it becomes 
attached, should, in general, be sufficiently great 
to incite the emission of a neutron and the 
resultant decrease of the isotopic number to 0. 

The possible reactions may be classified as 
belonging to three types. An outline of the 
reactions of type 1 follows: 


Liy?y +a)! 3B,'! >—B,' +2,! (1 
Be,? +a,)!oC," 3C,'? +n! (2 
Bi"! +act9N," ONo'* +7,;! (3 
CC," +at9 A," 390," +2;! (4) 
QO," +a! aNe,*! ~Ne,” +n! (5 
Ne,?! +ay'9Mg," 3 Mgy"* +0)! (6 
Mgi*+ay'Si,* Sip +7)! (7) 
Si: + ay'—S,*% —So3*) +n;!. (8) 


Here the superscript gives the atomic mass and 
the subscript the isotopic number. It may be 
noted that the isotopic numbers, which give the 
number of extra neutrons in the nucleus, are 
additive. Only in reactions (1) to (3) does the 
atom which is struck by the neutron represent 
the principal isotope of the element. 

In a type 2 reaction the conditions are more 
favorable to the emission of a proton. Thus if 
N,'®, F,'*, Na,* or Al,’’, captures an a-particle, 
the emission of a neutron would form, in each 
case, an atom of isotopic number zero which has 
not as yet been found to exist as a stable atom. 

In a type 3 reaction an atom of isotopic 
number greater than one is involved. There is as 
yet no experimental evidence to indicate whether 
in this case neutrons of either atomic weight 1 or 
2 would be emitted and those of the higher mass 
(2) should be extremely rare if they exist at all. 


3. Mopirikp WILSON CHAMBER 


The modified Wilson chamber used in this 
work was constructed in 1929 by Harkins, Gans 
and Wallace. The general design of the apparatus 
is shown in Fig. 2, in which D is the Wilson 
chamber, P a supplementary chamber filled with 
the same gas at the same pressure and J is a 
vacuum chamber which exerts a pull of more 
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Fic. 2. Diagram of principal cloud chamber mechanism. 
A, axis for cam, and for electrical contacts (not shown) of 
timing mechanisms; B, cam used to trip catch AK; L, shock 
absorber for principal expansion of chamber; M, shock 
absorber for half-expansion; C, opening for plug used as 
source of a-rays; D, Wilson chamber; P, supplementary 
chamber filled with same gas; J, vacuum chamber used to 
expand Wilson chamber; G, valve to control admission of 
gas and thermoelement of a coil of fine wire, used to 
determine temperature of chamber; F, lever used to control 
expansion of Wilson chamber. 


than 200 kg. The Wilson chamber may be 
operated at gas pressures between 1000 and 40 
mm of mercury. An important feature is that 
surge in the gas of the chamber is almost entirely 
eliminated by the use of metal and glass cylinders 
of the same diameter in the construction of the 
chamber. 

The chamber is illuminated by a type of light 
not thus far used for this purpose. A 0.44 
microfarad condenser at 30,000 volts is dis- 
charged through two Pyrex capillaries (Fig. 3) in 
series. These are filled with air at about 3 mm 
pressure. This type of discharge gives an intense 
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Fic. 3. Diagram of system for illumination of chamber. 
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continuous spectrum and has been used by 
Hopfield. However, considerable experimental 
work was done in order to produce the great 
increase in intensity needed to illuminate prop- 
erly a Wilson chamber. This type of light, with 
sealed-in tungsten electrodes, is much better in 
many ways than those usually used with mercury 
to aid the discharge. One of these capillary lights 
is placed horizontally at each side of the chamber. 

It was necessary to construct a device which 
would give a single discharge of the condensers 
through the lights at exactly the right moment. 
kor this purpose a horizontal gap between two 8 
cm steel spheres is closed by a heavy horizontal 
copper wire. This wire is fastened on the end of 
a long light insulating rod and rotates uniformly 
around a horizontal axis with a period equal to 
that of the chamber. The uniform rotation would 
give a discharge about two seconds after the 
completion of the expansion in the chambers. To 
reduce this to less than 1/100 second, a catch is 
released just before the piston reaches its lowest 
position. This allows a spring to act in such a way 
as to accelerate greatly the arm and to shoot the 
wire through the gap at such a high speed that an 
accurately timed single flash is produced. The 
other timing mechanisms of the chamber, such 
as the shutter for a-rays, are controlled by 
electromagnets. 

4. SOURCE OF NEUTRONS 

The neutrons were emitted from an intimate 
mixture of beryllium with a salt of either 
mesothorium, thorium X or radiothorium. These 
salts were used because the polonium source 
available was too weak for the purpose. 

The initial velocities of the a-particles were 
thus, in units of 10° cm per second: 1.70, 1.94, 
1.90, 1.97, 1.85 and 2.22, as compared with the 
value 1.68 for polonium. The use of such a 
composite source is not so disadvantageous as 
might appear at first sight, since with a single 
source, such as polonium, the initial velocity is in 
general decreased before the disintegration takes 
place, since the a-particle practically always 
passes through a considerable number of beryl- 
lium atoms before it hits a nucleus. The only 
disadvantage of such a source is that it gives a 
large number of y-rays. 

The dried radioactive salt and fine beryllium 
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powder were ground into an intimate mixture in a 
small agate mortar. This mixture, in a very small 
flask about 7.0 mm in diameter, was put into a 
platinum vessel (Fig. 5, No. 12) with a wall 3.5 
mm thick, which was inserted through a small 
opening in the top of the chamber. The platinum 
is used to absorb the softer y-rays. If the plati- 
num vessel is kept somewhat high the surge 
produced in the gas around it is not great 
enough to give any inaccuracy except very close 
to the platinum. It is obviously better to place 
the source entirely outside the chamber but the 
source available does not give enough a-particles 
to make this profitable. 


5. MEASUREMENTS AND CALCULATIONS 


According to the customary procedure, two 
photographs, nearly at right angles, are obtained 
for each disintegration and these are reprojected, 
according to a suggestion of Dr. A. v. Hippel, as 
applied by Curtis, by reprojecting the views in 
the same cameras in which they are taken. 
The cameras are fixed rigidly at the ends of a 
crossbeam of heavy channel iron which is 
attached at each end to a sturdy roller carriage 
which runs on a steel track. The camera system 
may be unclamped and rolled backward until it is 
in position for the reprojection upon an adjust- 
able reprojection frame. This frame holds a 
tightly stretched sheet of onion skin paper and 
when the plane of this is properly adjusted, the 
two projections become practically identical. 
Then photographic paper is substituted and a 
photograph is taken from each camera. These 
two photographs thus obtained should be iden- 
tical except that they may be optical images. The 
reprojection system was tested for accuracy by 
the use of fine lines ruled on aluminum, with a 
known angle between each pair of lines. The 
sheets of aluminum were photographed at 
various angles and positions in the chamber. 

If @ is the angle which the track of the lighter 
disintegration particle makes with the invisible 
path of the neutron and @ the corresponding angle 
for the heavier particle, then only ¢+4 is directly 
obtainable from the projection. However, if 
momentum is to be conserved in the disinte- 
gration, then, sin 6/sin @= My.Vye/ Mpg, in which 
Mye and vy. are the mass and the velocity of the 
lighter disintegration particle and mg, and vp, of 
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the heavier particle. Substituting this relation- 
ship in the trigonometric identity: 


sin (@¢+ 86) 
tan @= 
cos (¢+6)+sin 6 sin @ 
we obtain: 
sin (¢+ 4) 
tan ¢ =———_ ; 
COs (6 +80) +mMyelue/ Mplp 


which enables us to calculate @ and @ and 
determine the path of the neutron, from a 
measurement of ¢+86 and of the ranges of the 
particles, which may be translated into velocities 
by means of range-velocity plots obtained as 
described by Feather.* 

The values for the ranges (R), angles (¢ and @), 
velocities (v) kinetic energies (K), decrease in 
kinetic energy (—AKE) and decrease in total 
energy (—A£), for the neutron (7), the helium 
nucleus (He) and the boron 11 nucleus (B), are 
given for 19 disintegrations by direct capture, 
and for nine in which the neutron was scattered 
in Table II. 

In order to make the relations of Table II as 
simple as possible, the relativity corrections, 
which are in general smaller than the errors in 
the work, are not included. If this correction is 
introduced, the values for the velocity and 
energy of the neutron are decreased by 1.7 
percent for event 13A, by 1.2 percent for 12A 
and by still smaller percentages in all other 
cases. The values for atoms heavier than the 
neutron are not appreciably affected. The cor- 
rection for the velocity and energy is the same 
since the value of the momentum is not affected 
by the relativity correction for the velocity and 
mass of the neutron. 


6. THE VELOCITY DISTRIBUTION OF NEUTRONS 
FROM Be® WHICH ARE EFFECTIVE IN THE 
DISINTEGRATION OF N'* 

According to Section 2, the neutron which is 
initially present in Be,’ is emitted from an 
unstable C,'* nucleus formed by the capture of an 
a-particle. During this process a y-ray may be 
emitted (Bothe and Becker’). 

A second paper for which the experimental 
work is already completed, gives the distribution 

‘Feather, Proc. Roy. Soc. A136, 709 (1932); Nature 
130, 273 (1932). 
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TABLE II. Disintegration of nitrogen N'*. The letters in column 1 have the following significance: A indicates that 
both photographs of the disintegration are excellent; B indicates satisfactory photographs; C indicates that both views 
are not visible over the whole range of both particles but the angle between the two is visible on both. A. By capture 
of a neutron designates those disintegrations for which the direction of the neutron, as calculated on the assumption 
of conservation of momentum, passes directly through the source. B. Related to a scattered neutron indicates that the 
direction of the neutron as thus calculated does not pass through the source. The values given under B are not valid if 
the neutron 1s not captured. 








Rite Rp "He "a Yn KE-He KE-B KE-n —-AKE KE-He KE-B KE-n —-AKE -—AE 
No. (mm) tre) 7] (cm per sec. * 107%) (ergs 10%) (electron-volts K 10™*) 
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1A 8.47 1.55 53.2 92.9 0.848 0.247 1.89 2.37 0.55 2.96 0.03 1.49 0.35 1.86 0.02 1.42 
2A 5.02 1.34 61.4 65.2 0.623 0.219 2.19 1.28 0.44 3.99 2.28 0.80 0.27 2.51 1.43 2.83 
3A 9.38 2.21 72.6 68.4 0.895 0.334 2.41 2.64 1.01 4.81 1.16 1.66 0.64 3.03 0.73 2.13 
4A 14.17 1.82 45.5 97.1 1.084 0.283 2.64 3.88 0.73 5.79 1.19 2.44 0.46 3.64 0.75 2.15 
5A 10.25 3.42 111.0 40.0 0.936 0.494 2.81 2.89 2.22 6.53 1.43 1.82 1.39 4.11 0.90 2.30 
6A 10.53 3.49 108.9 40.6 0.950 0.502 2.95 2.98 2.29 7.20 1.94 1.87 1.44 4.53 1.22 2.62 
7A 17.00 4.25 112.3 40.7 1.170 0.603 3.23 4.52 3.30 8.68 0.87 2.84 2.08 5.46 0.54 1.94 
8A 7.94 3.97 143.3 18.3 0.819 0.566 3.27 2.21 2.91 8.86 3.74 1.39 1.83 5.57 2.35 3.75 
9A 12.10 4.35 133.9 25.5 1.011 0.617 3.30 3.37 3.46 9.06 2.23 > fie By, 5.69 1.40 2.80 
10A 11.70 4.89 145.8 17.2 0.997 0.688 3.90 3.28 4.30 12.69 5.11 2.06 2.70 7.98 3.21 4.61 
11A 14.40 248 56.7 63.9 1.091 0.369 4.15 3.93 1.24 14.28 9.12 2.47 0.78 8.98 5.73 7.13 
12A 24.10 5.66 116.8 33.8 1.340 0.781 4.70 5.92 5.54 18.30 6.84 3.72 3.48 11.50 4.30 5.70 
13A 13.36 5.41 115.4 27.3 1.058 0.757 5.55 3.69 5.20 25.60 16.70 2.32 3.27 16.09 10.50 11.90 
14B 8.04 1.21 42.4 904 40.824 0.202 2.41 2.24 0.37 4.80 2.19 1.41 0.23 3.02 1.38 2.78 
15B 10.17 3.27 100.3 44.7 0.932 0.474 3.02 2.87 2.04 7.58 2.68 1.80 1.28 4.77 1.68 3.08 
16B 7.08 3.54 121.2 27.9 0.766 0.509 3.34 1.94 2.27 9.27 5.07 1.22 1.43 5.83 3.18 4.58 
17B 8.49 3.54 103.7 36.1 0.849 0.509 3.70 2.38 2.27 11.35 6.71 1.50 1.43 7.14 4.22 5.62 
§C 10.60 0.78 20.6 123.4 0.952 0.146 2.66 2.99 0.19 5.89 2.70 1.88 0.12 3.70 1.70 3.10 
C 16.70 1.00 16.6 136.4 1.162 0.175 3.04 4 0.28 7.68 2.94 2.78 0.18 4.82 1.85 3.25 
B. Related to a scattered neutron 

20 8.49 1.77 62.6 82.9 0.849 0.276 1.93 2.38 0.69 3.08 0.01 1.50 0.43 1.94 0.01 1.41 
21 8.49 1.27 41.3 104.2 0.849 0.210 1.97 2.38 0.40 3.23 0.45 1.50 0.25 2.03 0.28 1.68 
22 10.06 0.87 25.6 113.0 0.927 0.158 2.65 2.84 0.23 5.82 2.76 1.78 0.14 3.66 1.73 3.13 
23 10.40 2.55 76.1 61.6 0.942 0.378 2.87 2.93 1.30 6.85 2.62 1.84 0.82 4.30 1.65 3.05 
24 10.00 2.01 59.5 70.5 0.924 0.307 2.98 2.82 0.86 7.39 Ch, Ze ae 4.65 2.34 3.74 
25 14.71 1.37. 33.0 101.8 1.104 0.223 3.18 4.02 0.45 8.41 3.94 2.53 0.28 5.28 2.47 3.87 
26 4.95 3.54 143.2 15.3. 0.616 0.509 3.41 1.25 2.27 9.64 6.12 0.79 1.43 6.06 3.84 5.24 
27 7.63 1.96 55.8 53.3 0.800 0.300 3.75 2.11 O82 11.69 8.76 1.33 ‘0.51 7.35 5.51 6.91 
4.10 1 0.28 12.08 5.88 3.72 0.18 7.59 3.69 5.09 


Nm 
oo 
bho 


15.0 134.0 1.340 0.175 3.81 5.92 


| 


| 3 


The mass 1.0067 used for the neutron in the calculation of this table is that determined by Chadwick, and may 
be too high. 


of velocities for the neutrons emitted by a The distribution curve (Fig. 4) has a maximum 
source which contains a mixture of beryllium at a velocity of about 3.23 X 10° cm/sec., which is 
powder with Ms Th or Th X or both. In this almost exactly the maximum velocity found by 
section there is exhibited the distribution of ; 
velocities for those neutrons which were found to 
disintegrate Ny!‘ atoms by capture in the reaction. 


Chadwick for neutrons from beryllium as emitted 
under bombardment by a-particles from _ po- 
lonium. 
No'*¥+,;'ON,°—B,''+ Heo. The distribution curve is found to be of some- 
Table II gives the velocities of 19 such neutrons What the form of a Maxwell distribution curve. 
immediately before their capture, while Fig. 4 There is, thus far, no indication of resonance in 
includes, in addition, values for 7 disintegrations the beryllium nucleus. The temperature equiva- 
found by Feather*and one by Meitnerand Philipp.’ lent to the distribution curve is about 4.6 
* Meitner and Philipp, Naturwiss. 20, 929 (1932). « 10" °K. 
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Fic. 4. Neutron velocities at impact for the disintegration 
of N" by capture. 


7. THE DISINTEGRATION OF NITROGEN NUCLEI 
BY NEUTRONS 

Seven thousand six hundred pairs of photo- 
graphs have now been taken in order to obtain a 
fairly accurate knowledge of the energy relations 
involved in the disintegration of nitrogen nuclei 
by neutrons. These have given 29 pairs of good 
photographs of such events, together with about 
50 poorer photographs which have not been 
measured. On account of the ease of penetration 
of the neutron into the nucleus there seems to be 
no a priori reason, from this standpoint alone, to 
assume that low velocity neutrons should be 
ineffective but from the energy standpoint the 
higher velocities may be more effective. 

The lowest velocity found by Feather for 
neutrons is 1.610 cm/sec. but, according to 
Meitner and Philipp, there are many 
velocity neutrons (KE =2.8X 10° electron-volts, 
v=0.62 10° cm/sec.) in the rays from Po-Be 
and if this is true such slow neutrons should not 
be absent in the experiments reported here, in 
which much faster a-particles have been used to 
produce the neutrons. 

Our experiments on nitrogen, neon and carbon 
and those of Feather on oxygen, seem to indicate 
that the mean velocity of the neutrons which 


low 
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produce disintegration by capture, increases in 
the order of No'*, Oo'®, Neo” and Cy". The energy 
needed to supply the (negative or positive) mass 
produced in the reaction increases in just this 
order. 

It is not improbable that some neutrons may 
attach themselves to atomic nuclei without 
causing a disintegration. In such a case the 
isotopic number is increased by unity. 

Fig. 5 shows two views, taken at an angle of 
73.8°, for each of nine disintegrations by capture 
of the neutron and three in which the neutron was 
scattered either before or during the disinte- 
gration. 


8. DISAPPEARANCE OF KINETIC ENERGY, EMiIs- 
SION OF y-RAYS AND PossIBLE NUCLEAR 
ENERGY LEVELS 
The most interesting feature of the disinte- 
grations by capture thus far obtained is that in 
every event kinetic energy 1s conserved or else 
disappears. This is also the general rule for what 
have been called non-capture events, provided 

these actually occur by capture. 

The explanation of the above relation is very 
simple: kinetic energy is conserved if no y-ray 
energy is emitted in the process, aside from that 
given by a loss of mass, while it disappears if it is 
transformed into y-ray energy. 

If, as Heisenberg and Bohr assume, neutrons 
are not subject to the conservation law, there is 
no apparent reason to assume that the kinetic 
energy should not, in some events, be increased. 
However, this does not seem to occur. 

The reaction involved is 


+ n,! 
1.0067 


N,!4 
14.008 


— N,4 —> B,"! -} Hey! 
11.0110 4.00216 


If the mass data were entirely accurate —Am 
would be 1.510-* mass units, or 1.4 10° e.v., 
with a probable error greater than the whole of 
Am. 

The total energy (— AE) which disappears, and 
presumably appears as y-ray energy, is given by 
the equation: AE=Am+AKE. 

The values of — AE are given in the lowest one- 
dimensional plot of Fig. 6. The inked-in circles 
represent better photographs than those given in 
outline. The middle plot gives a weight of 2 to 
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Paired stereoscopic views of disintegration of nitrogen (by capture of neutron: 1, 13, 5, 9, 12, 10, 4, 16, 17: by 
scattered neutron: 25, 26, 28). 
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Fic. 6. Energy relations for disintegration of nitrogen 
nuclei by capture of a neutron. 


each of the supposedly better values and of 1 to 
the others. The upper plot is the integral curve. 
It is not at all as smooth as the corresponding 
curve for the velocity of the neutrons. 

The middle plot of this figure suggests the 
existence of energy levels at about 1.4, 2.1, 2.85, 
3.85, 4.6 and 5.7 10° e.v. These values are all 
subject to correction by +2, or the error in Am. 

To prove definitely or disprove the existence of 
these levels will require more accurate work. It is 
proposed to make the following changes in later 
work, with a more powerful source of a-rays. 
(1) The greatest error is due to the shortness of 
the track of the heavier atom (B"'). This will be 
lengthened by operation at a lower pressure or by 
admixture of helium or hydrogen. This will also 
increase the accuracy of measurement of the 
track of the a-particle. (2) The source should be 
removed from the center to one side of the 
chamber in order not to interfere with the 
photography and also to give a greater mean 
length of track of the neutron prior to capture. 
A source of error lies in the fact that the range- 
velocity relations for B' are not known but are 
calculated on the basis of an empirical relation 
suggested by Blackett. (3) The thickness of the 
glass top of the Wilson chamber will be reduced 
as much as possible in order to reduce the 
scattering of neutrons. The floor of the chamber 
has already been made as thin as possible. 


9. DISINTEGRATION OF NITROGEN AS RELATED 
TO SCATTERING OF NEUTRONS 


Nineteen 
found to represent disintegrations by capture, 


pairs of photographs have been 
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while for nine disintegrations the neutrons appear 
to be scattered, either before or during the 
disintegration. 

The important question arises: are these nine 
disintegrations produced by capture of neutrons 
which have been scattered by the glass top, the 
copper-brass bottom of the chamber or other 
parts of the apparatus? 

The only argument against this point of view 
lies in the fact that about one-third of all the 
disintegrations are of this type, that is, there 
seem to be half as many scattered as _ non- 
scattered neutrons, in the chamber. 

Whether this is possible cannot be told with 
certainty until the data on the scattering of 
neutrons by various types of solids are more 
complete. 

If the neutron is not captured, then the 
reaction mav be: 


N'“—B'"+Het, Am=0.0077 mass units (1) 


NU—CE8+H!', Am =0.0038 


Nm 


NH4-5C !2 + H{?, 


w 


Am =0.0091, 


However, (2) and (3) are excluded, at least in 
almost all of these events, by the fact that the 
track of the light atom has too great a line density 
of ions to be due to hydrogen. Thus the line 
density was, in all cases, almost as great as for the 
heavy atom. 

The mass increase in (1) is 0.0077, as given by 
Aston’s data. This corresponds to a gain of 
energy of 7.110° electron-volts. Thus the 
neutron must lose (7.1+4.4) x 10° electron-volts. 
The error of 4.4 < 10° electron-volts included here 
is the arithmetical sum of all of Aston’s estimated 
errors, Which are not likely to be all in one 
direction, so that the probable error is less than 
this. 

The energy which must be supplied lies be- 
tween 6 and 8 X 10° electron-volts if Aston’s data 
are as accurate as is assumed by Chadwick. In 
disintegrations of this type the kinetic energies of 
B'” and He* commonly amount to 1 to 3x 10° 
9x 10° 


electron-volts should be obtained from the loss of 


electron-volts, so that, in all, about 


kinetic energy of the neutron. There is thus, at 
present, no good explanation from the energy 
standpoint as to how such disintegrations by non- 
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capture are able to occur, particularly in the 
work of Feather, who used the comparatively 
slow a-particles from polonium, and thus ob- 
tained neutrons of maximum energy 8 X10° 
electron-volts as determined from recoil atoms 
but found such fast neutrons to be extremely 
rare. The maximum value calculated from mass 
values = 12.3 10° e.v. 

The energy relation becomes perfectly normal 
if it is assumed that all of these events are 
caused by neutrons scattered by the nuclei in the 
apparatus and that the disintegration occurs by 
capture. In Table II the calculations for events 
20 to 28 are made on this basis. The velocities of 
the neutron at capture calculated on this basis 
are found to be in general rather lower than 
those disintegrations known to occur with 
capture (1 to 19) of a non-scattered neutron. 


10. EXPERIMENTS ON THE DISINTEGRATION OF 
CARBON BY FAST NEUTRONS 


If carbon 12 is disintegrated by capture, the 
reaction is 


ce + y»! Het 
12.0036+ 1.0067 9.0155 +4.00216 


~C— Be’ + 


or Am =0.0074, which is equivalent to 6.9 10° 
ev. 

This corresponds to a velocity for the neutron 
of 3.6 10° cm /sec., so only neutrons of velocities 
higher than this should be effective in disinte- 
grating carbon 12. However, (Fig. 4) only a very 
small fraction (possibly 1/5) of the fast neutrons 
from our source have velocities greater than this. 

From this point of view the number of 
disintegrations obtained with carbon should be 
small. The experimental result agrees with this 
conclusion. 

If the Be® nucleus is formed in an excited state 
by the disintegration which would 
correspond with the usual expectation, then an 
even higher velocity, say greater than 3.9 10° 
cm/sec. would be essential. 

From this point of view the number of 
disintegrations in carbon would be about one- 
seventh (or less) of the number in nitrogen. 

The number of pairs of photographs taken with 
ethylene (C,H,) in the chamber is 3200. Two 
very good photographs of disintegrations were 


process, 
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obtained but neither of these represents the 
capture of a neutron which comes directly from 
the source. With this number of photographs, 
nitrogen should have given about 13 disinte- 
grations. Since, however, only two were obtained 
it will need additional work to prove definitely 
that these were not due to the oxygen of the 
water used in the apparatus. 


11. THE DISINTEGRATION OF NEON 
The reaction involved in the disintegration of 
Ne” by capture is 
Ne**+n'~Ne*!>O" + Het 
(19.9967 +0.0009) + 1.0067 
— (17.0032 —E+0.003) + (4.00216 +0.0004) 


in which E represents the energy emitted as 
y-radiation in the formation of O"’ from N'* and 


He‘. 
Note added July 25, 1933 


The first photographs in neon, with a weak 
source of neutrons, gave no disintegrations but a 
stronger source, as reported to the American 
Physical Society on June 23, gave 13 disinte- 
grations of neon nuclei. The values for four of 
these are given in Table III. 


TABLE III. Energy values for the disintegration of Neg by 


1 2 3 4 
v neutron X10~° cm per sec. 3.9 4.5 5.3 5.1 
KE neutron X10~-* e.v. 7.8 10.6 14.5 13.4 
—KEx10-* e.v. 5.0 5.9 10.6 6.9 

3.1 4.0 8.7 5.0 


Energy of y-ray X10°* e.v. 


| 
| 
| 





The kinetic energy which disappears in the 
reaction varies from 5.0 to 10.6, and the energy 
of the y-rays presumably emitted from 3.1 to 8.7, 
in millions of electron-volts, while about 2x 10° 
e.v. of energy is converted into mass. 

The writers wish to acknowledge the help of a 
Grant-in-Aid of the National Research Council, 
which is being used to purchase radioactive 
material for this work. 

The earlier aid of the Cleveland fund of the 
A. A. A. S. and a grant from the Fund of the 
National Academy of Sciences made this work 
possible. 








OCTOBER 1, 1933 


PHYSICAL 


REVIEW VOLUME 44 


Isotope Shift in Neon 


J. H. BartLett, Jr., AND J. J. Gippons, Jr., University of Illinois 
(Received June 16, 1933) 


The theory of isotopic displacement due to the motion 
of the nucleus has been extended to atoms with any 
number of electrons (assuming Russell-Saunders coupling) 
and applied to the transitions 2p'3s—2p'3p in neon. 
Approximate Hartree wave functions have been obtained 
and orthogonalized. The theory gives a shift in singlet 


INTRODUCTION 


HE researches of Schiiler and others have 
demonstrated the existence of isotope shifts 
in the spectra of H,' Li,? Ne,’ Cl,* K,® Cu,® Zn,’ 
Ba,* Hg,° T1,° and Pb.® These observed shifts are 
in most cases (excepting H) in complete disa- 
greement with those to be expected by simply 
replacing m, the electronic mass, by uy, the 
equivalent mass, in the Rydberg constant. This 
places the line emitted by the heavier isotope 
always at a slightly higher frequency than the 
corresponding line emitted by the lighter isotope. 
But experiments’ on the lines 7479, 5834, 6215, 
and 6471 of Zn II give an isotope shift twenty to 
thirty times too large and in a direction opposite 
to that predicted by the above method; lines due 
to the heavier isotopes 68 and 66 lie to the low 
frequency side of those due to the lighter isotope 
64, at about equal intervals (0.08 to 0.10 cm~'). 
It becomes quite apparent, therefore, that the 
explanation of these isotope shifts must come 
from a different quarter. 
One possible explanation® is that the external 


‘Urey, Brickwedde and Murphy, Phys. Rev. 40, 1 
(1932). 

* H. Schiiler, Zeits. f. Physik 42, 487 (1927). 

3G. Hansen, Naturwiss. 15, 163 (1927). 

*S. Tolansky, Zeits. f. Physik 73, 470 (1931). 

°H. Schiiler, Zeits. f. Physik 76, 14 (1932). 

®R. Ritschl, Zeits. f. Physik 79, 1 (1932). 

7H. Schiiler and H. Westmeyer, Zeits. f. Physik 81, 
565 (1933). 

§ Kruger, Gibbs and Williams, Phys. Rev. 41, 322 (1932). 

® Pauling and Goudsmit, Structure of Line Spectra, p. 202 
(1930). 


states of 0.0195 cm™! more than that in triplet states, as 
against approximately 0.017 cm~! measured by Nagaoka 
and Mishima. However, the calculated shift for the 
singlet transitions is 0.0038 cm™', as against the experi- 
mental value of 0.0332 cm™'. This discrepancy may 
disappear if better wave functions are found. 


electrons of the atom move in fields which are 
non-Coulomb near the origin and that the 
isotope shifts are due to different deviations from 
the Coulomb field for the different isotopes. One 
of the writers'® has made rough calculations for 
Tl, with the result that the calculated order of 
magnitude of the shift seemed to be in agreement 
with that which was observed, provided that 
certain arbitrary values for the nuclear radii of 
Tl 203 and of Tl 205 were assigned. These 
calculations were later improved upon by Racah,'! 
Rosenthal and Breit,'* and Breit,'* with the result 
that this theory may in fact provide the expla- 
nation of the isotope shifts in Hg, Tl and Pb. 
However, we have carried through similar calcu- 
lations for neon and copper, assuming the nuclear 
radius to vary as the cube root of the mass, and 
find that the displacement to be expected is much 
smaller than that which is observed and in the 
opposite direction. This leads us to the tentative 
conclusion that isotope shifts in the spectra of 
heavy elements may be partly explained by 
changes in nuclear radii but that this is not the 
explanation in the case of the light elements. 
For Li Il, Hughes and Eckart' were able to 
account satisfactorily for the observed isotope 
shift by assuming it to be a mass effect, due to 


10 J. H. Bartlett, Jr., Nature 128, 408 (1931). 

1G. Racah, Nature 129, 723 (1932). 

2 J. E. Rosenthal and G. Breit, Phys. Rev. 41, 459 
(1932). 

13. Breit, Phys. Rev. 42, 348 (1932). 

“DPD. S. Hughes and C. Eckart, Phys. Rev. 36, 694 
(1930). 
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the motion of the nucleus.'* The present paper 
extends their work to the general case of an 
atom with many electrons. The theory is given 
for Russell-Saunders coupling only, but modifi- 
cations so that it will apply to other types of 
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supermultiplets.'®: '? Finally, an application to 
the spectrum of neon is made and approximate 
agreement with certain observed relative shifts'*® 
is obtained, even though the deviation from 
Russell-Saunders coupling is rather appreciable. 


coupling may be made just as in the theory of 


THEORY OF ISOTOPE SHIFT 


After the center of gravity coordinates have been separated out, the wave equation for a system of 
N electrons, each of mass m, and one nucleus of mass .V/ is'® 


1 oN 2 
— (h?/8xr?);- > V.2+— > Ua: Ui tbt V(x) —-W}y=0, (1) 
kml M & ° 


Si 
where x,, vy, and 2 are the rectangular coordinates of the kth electron relative to the nucleus, and 


p=mM/(m+.M); (Vi)2=O/OX,. (2) 


If we know Wm) and ¥(m) for a stationary nucleus, then the value of the energy parameter in 
Eq. (1) is approximately W’= W(u)+AW, where W(u) =(u/m)W(m) and 


h? 


AW-=- -—— from] x viv Moma 
x ky 


nr? M 

The isotope shift in hydrogen may be accounted for by replacing W(m) by W(u). This causes a 
general contraction of the spectrum which is termed the normal effect. The “‘specific effect’’ is meas- 
ured by AW. In the case of neon, the specific effect proves to be of about the same order of magnitude 
as the normal effect. 

The operator V ;-V, is symmetric in j and & and is thus similar to the electrostatic repulsion 1/7 j,. 
If ¥(m) be assumed to be a determinant wave function composed of products of single-electron 
orthogonal wave functions, then the analysis of Slater®® can be used, provided that V;-V, be substi- 
tuted for 1/r,;,. The diagonal energy increment is — (h?/42°\/)SJ(nn')+(h?/42°M)=K(nn'), where 
now 


J= | u*(n/k)u*(n’/1)0.-Viu(n/k)u(n'/)drdry 


— (42?/h?) {| (n'/p.|n')(n| ps|n)+(n'| py|n’)(n| py|n)+(n'| p.|n’)(n| p.|n)} 


0, (since the diagonal elements of the momentum matrix vanish); 


and 
K= | u*(n/k)u*(n'/1L) Ve Vaul(n/)u(n'/k)d rid tr, 


= —(4n*/h?)|(n| p.|n’)(n'| pz|n)+(n!| py|n’)(n'| py|n)+(n| p.|n')(n'| p.|n)}. 


'SH. Nagaoka and T. Mishima, Inst. of Phys. and 
Chem. Research, Tokyo 13, 293 (1930). 

'’ This equation has been given by Hughes and Eckart 
(ref. 14) and is in accord with classical theory. See Whit- 
taker, Analytical Dynamics, p. 344 (1927). 

20 J. C. Slater, Phys. Rev. 34, 1304 (1929), 


We are deeply indebted to Dr. Racah, who informed 
one of us (J. H. 
explanation. 

’W.V. Houston, Phys. Rev. 33, 297 (1929). 

"J. H. Bartlett, Jr., Phys. Rev. 34, 1253 (1929); 35, 
229 (1930) and subsequent papers by M. H. Johnson, Jr. 


B., Jr.) of the possibility of such an 
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Since the momentum matrices are Hermitian, K is intrinsically negative. The specific effect AW 


is thus also intrinsically negative and in inverse proportion to the nuclear mass. The result is that the 
energy of each state is made lower, that of the lighter isotope more so than that of the heavier, 
Whether or not this tends to increase or decrease the frequency of any line emitted by an atom cannot 
be determined without actually calculating the K's of the states involved. 

The summation of K’s is taken over all pairs of sets of one-electron quantum numbers (n, |, m,, 
m,, n’, I’, m,’, m,’). In order that K be different from zero, we must have m,’ =m, and I’ =/+1, since 
K depends on the momentum matrices. In fact, the K’s are (with constant frequency) proportional 
to the intensities, so that we may write”! 


K(m,, 1; m;+1,1—1) =C(l, 1—1) {3 m) (lFm,—-1)}, 
K(m,, l; m,, l—1) =C(l, 1—1) (2? —m?’). 


The value of C(/, 1—1) is determined most conveniently for the case m,—>m),. Putting u 
= N,R,iPyme'™*, where P;" is the associated Legendre polynomial as defined by Darwin™ and J, 
is the normalization constant (assuming R,, to be normalized), we have” 

— 0 . 7) 
K(m,, 1; m,,1—1) = | u*(n, 1, m:)—u(n’, t—1, m,))dv- | u*(n’, 1—1, m,)—u(n, 1, m,)dv=TI:2,I2, (say). 
« 02 ‘ Oz 


According to Darwin™ 


@ 1 df | df 1I+1 
— fPrm=——| (——- 4) Pram mi) (= 4—-) Pm, 
r 





dz 21+11 \dr dr + 
where f is any function of the radius alone. 
Then 
?—m/? | : q | 
I= ( ) (+1) f Rw. (1 DR» wrdr+ | Rw, 1-1— Ra, ir'dr 
(21—1)(21+1)/ | | 
and 


Pr —m? ‘ ¢ e d 
I2,= (.--"- = —(=1) f Re, (1/)Rw,.ardrt f Ra, i— Rw i-at*dr}. 
(2/—1)(2/+1) | dr 


Now, for any two radial eigenfunctions R,; and Ro», 


1 o@ 
| 


.... vm = dd Re vo dR, 
f Ri(2/r)Rar*dr + | R, — art | R, — rdr= rR Ro| == (), 
0 0 d 0 d 


r r lo 


since each of the functions R; and R: must approach zero more rapidly than (1/r) as r>«. Hence 
I,,=—TI., and 
{(d—-1) PRul/NRw, wirdr—S Ra, -1(dRai/dr)r'dr}? 
C(, L-1) = —-——- NN _ —_—_ -—-——. 
(2/ —1)(2/+-1) 


Incidentally, we may note that, if a single d-electron (for example) interacts with a closed shell of 
p-electrons, the isotopic shift will be independent of the magnetic quantum number associated with 
the d-electron, owing to the Zeeman effect sum-rules.”! 





See W. Pauli, Handbuch der Physik XXIII, p. 67 sitate a knowledge of the various Hartree potentials. 
(1926). We wish to thank Professor G. Breit for the opportunity of 
* As a check on the accuracy of the numerical calcula- discussing these points with him. 
tions, one might find it convenient to use relations of the *8 C. G. Darwin, Proc. Roy. Soc. A118, 668 (1928). 
type (| p,|n')=2ximv(n, n’)(n|x\n'). This would neces- 
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ISOTOPE SHIFT IN NEON 


The total specific shift in the 2p*° 3p states is 
5K(1s, 2p)+5K(2s, 2p)+K(1s, 3p)+K(2s, 3p). 
This shift is characteristic of all the states of the 
configuration, whether they be of singlet or of 
triplet type.”* 

A different situation is present in the case of 
the 2p° 3s configuration. The energy 5K(1s, 2p) 
+5K(2s, 2p) occurs just as before, and will be 
regarded as an additive constant, since numerical 
calculations show that the 2p wave function (and, 
by analogy, the 2s function) do not change 
appreciably from the 2p° 3p to the 2p° 3s con- 
figuration. For M,=1, Ms=1, the remaining 
energy is then 3K (2p, 3s), which is the AW of the 
3P state. For AJ, =1, 1/5 =0, there are two states, 
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each with a shift 2K (2p, 3s). Applying the energy 
sum-rules, the AW for the 'P state must then be 
K (2p, 3s), so that the difference between the 'P 
and *P specific shifts is 2K (2p, 3s). 

To obtain an approximation to the 2s and 2p 
functions for the configurations 2p° 3s and 2p* 3p, 
the ground state functions as calculated by Dr. 
F. W. Brown” were used as a starting-point. The 
3s and 3p functions were found**® (assuming the 
core functions to be those of the ground state) 
and are given in Table I. The new field for the 
core electrons was assumed to be that obtained 
by subtracting off the field of one of the 2p 
electrons and adding on the field of the 3s or 3p 
electron. The 2p(2p* 3s) and 2p(2p* 3p) functions 
were found to be identical (in this approxi- 


TABLE I. Hartree functions for configurations 2p’ 3s and 2p’ 3p in neon. 





r P(3s) &(3s) P’(3s) P(3p) P(2s) &(2s) P’(2s) P(2p) r P(3s) n(3s) P’(3s) P(3p) P(2s) (2s) P’(2s) P(2p) 
0.00 0.000 10.000 0.000 0.000 10.000 0.000 80 —0.167 0.276 0.135 —1.071 0.539 0.971 
01 026 10.146 .000 .135 10.139 .003| 82 — .161 .296 131 —1.059 0.568 .603 .959 
02 046 10.304 001 .243 10.298 O11) 86 — .149 .328 125 —1.033 .686 .933 
03 .064 10.489 004 .329 10.478 024); 90 — .135 354 117 —1.003 .790 .905 
04 .076 10.704 006 .394 10.686 040 | 94 — .120 377 110 — .970 (882 876 
05 085 10.951 008 442 10.926 059| 98 — .105 .394 102 — .935 .961 846 
06 .092 11.239 013 475 11.207 082) 1.0 — OR 403 098 — 917 .997 R31 
07 096 11.576 O16 495 11.534 .106 1.1 — .056 429 077 — .823 1.151 .754 
.08 097 11.973 021 503 11.916 .133 1.2 — O13 .438 .054 — .729 1.268 .679 
09 097 12.440 025 501 12.367 —0.643 .161 | 1.3 .031 435 .030 639 1.360 606 
10 095 12.994 .029 491 12.902 —1.424 .190] 1.4 074 425 007 — .550 1.433 539 
All 091 —0.414 034 473 13.544 —2.106 .220| 1.5 .116 410 — 016 — .480 1.493 478 
12 087 — 527 .039 449 —2.687 .250| 1.6 .156 391 — .040 — .412 1.544 420 
13 08 1 — .622 .044 420 —3.178  .282]} 1.7 .194 370 — 063 — .352 1.586 369 
14 074 — .702 .049 386 —3.590 .313| 1.8 .230 348 — .086 — .300 1.621 323 
15 067 — .768 .054 .348 —3.932 345 1.9 .264 325 — .108 — .255 1.652 282 
16 059 — .823 .058 308 —4.212 .376| 2.0 .295 301 — .130 — .216 1.679 246 
17 051 866 3=.063 264 —4.437 .407)| 2.2 351 254 — .172 154 1.725 186 
18 042 — 901 .068 219 —4.611 .439/] 2.4 397 209 — .211  — .108 1.760 140 
19 .033 — .927 073 172 —4.742 469) 2.6 ASA 166 — .247 076 1.788 104 
20 023 — .944 .077 .124 —4.834 .499) 2.8 464 127 — .280 — .OS3 1.811 077 
.22 004 — .961 .086 027 —4.924 558) 3.0 486 .092 — .310 — .037 1.831 057 
24 — O15 — .955 .095 — .072 —4.904 613) 3.5 .512 O17. — .370 — O18 1.869 024 
26 — .034 — .932 .103 — .169 —4.800 666) 4.0 505 — 040 — 410 — .006 1,894 012 
28 — .053 — 898 .110 .263 —4.636 715| 4.5 A475 — 077 — 430 — .00O2 1.923 006 
30 — 070 — .852 117 — .354 —4.424 760 5.0 .432 0.221 — .95 — .433 — .OO1 1.927 002 
32 — .086 — 800 .124 — .440 —4.179 .802/ 5.5 382 = .262 424 000 1.938 001 
34 — .102 — .743 .129 — .521 —3.909 840) 6.0 333 §©.294 - 406 .000 
36 — .116 — .679 .134 — .596 —3.626 .874) 6.5 285 .322 — .383 

38 — .129 — 619 .139 — 666 —3.337 .904] 7.0 242 .344 ~ .355 

40 .141 — 555 .143 — .730 —3.045 .932) 7.5 .202 = =.363 326 

42 =— .152 — 495 .146 — .788 —2.743 955 8.0 .168 380 296 

44 — .161 — 435 .149 — .840 —2.475 .976| 8.5 138 .395 

46 — .169 — .377 152 — .887 — 2.203 993 9.0 113 .408 — .238 

48 — .176 — 317 .153 — .928 —1.939 1.007} 10. 074 429 — .186 

50 — .182 — .262 .154 — .964 —1.689 1.019) 11. 048 446 — .142 

52 — .187 — .210 .155 — .996 —1.54 1.028} 12. 031 460 — .106 

54 — .190 158 .156 —1.023 —1.228 1.036} 13. 019 =.472 — O78 

56 — .193 — .109 156 —1.045 — 1.02 1.039 | 14. 012 482 — .OS7 

58 — .194 — .063 .156 —1.064 —0.836 1.042} 15. O07 491 041 

60 — .195 — 020 .155 —1.078 — .639 1.042] 16. 004 499 - 029 

62 — .195 020 = .155 —1.089 — 1469 1.041] 17. 003 505 021 

64 — .194 OSS .153 —1.097 — .313 1,038 | 18. 002 S511 014 

66 — .193 092 .151 —1.102 — .168 1.034} 19. 001 516 010 

68 — .191 124 .149 —1.104 — .036 1.028 | 20. ool = .520 007 

70 — 189 155 .148 —1.103 083 1.021} 21. 000.529 00S 

72 — .185 184 .146 —1.101 193 1.013) 22. — 003 

74 — .181 210 143 —1.096 .293 1,003 | 24. — 002 

760 — 177 233 .140 —1.089 384 994) 26. — OO 

718 — 172 256.138 1.081 464 = .983| 27. 000 


“This statement embodies the implicit assumption of 
Russell-Saunders coupling, which is decidedly the 
case for this configuration. 


* F. W. Brown, Phys. Rev. 44, 214 (1933). 
* This was done by Dr. Brown, to whom we express 
our deep appreciation for his assistance. 


not 
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mation) to four figures, and so the 2s(2p* 3p) 
function was not calculated, but was taken equal 
to the 2s(2p° 3s) function. These functions are 
also listed in Table I. Finally, the necessary in- 
formation for the 1s function is given in Table II. 


TABLE II. 
P(1s) for neon. «=65.68. 


r P(\s) E(1s) n(1s) 


0.00 0.000 10.000 
01 541 9.970 
.02 .996 9.940 
.03 1.352 9.910 
.04 1.636 9.878 
.06 2.016 9.817 
.08 2.208 9.760 
10 2.275 9.709 
32 2.248 9.665 
14 2.164 9.623 
.16 2.041 9.584 
18 1.895 9.549 
.20 1.743 9.517 4.517 
.25 1.363 9.444 5.444 
.30 1.016 9.388 6.055 
35 0.745 9.329 6.472 
40 .534 9.279 6.779 
.50 .264 9.181 7.181 
.60 .128 9.094 7.427 
.70 .057 9.013 7.584 
.80 .028 8.942 7.692 
.90 .001 8.878 7.767 
7.817 


1.0 .000 


ex(2p’ 3s)=4.11; €2p(2p> 3s)=2.82; e,(2p> 3p) =2.96; 
n=—P'/P; £=n+(/+1)/r. 


The integrations were all carried out nu- 
merically. This proved to be the most rapid 
method available.’ The value of R,,’ may be 
found very readily from the &, n, and P’ values of 
the Hartree functions. 

As an independent check on the wave functions 
here given, the single-electron 2p function for 
Ne* was determined by stretching that of O*, the 
stretching factor being that which would bring 
the positions of the principal maxima of the 
unionized atoms into coincidence.** Since the 
K (2p, 3s) integral calculated from the above 2p 
function agreed within 2 percent with the 


*7 The determination of analytic approximations seems 
to us to consume much time and to be of little practical 
value, since the Hartree curves must either be fitted 
differently according to the purpose of the calculation, or 
else the analytic expressions become quite complicated. 

28 F. W. Brown, J. H. Bartlett, and C. G. Dunn, Phys. 
Rev. 44, 296 (1933). 
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integral already determined, the check was 
deemed sufficient. 

Finally, it is essential for accuracy that the 
functions be orthogonalized. The orthogonaliza- 
tion integrals are: 


J Pas) Pesidr=0.022; 
| P(2s)P(3s)dr =0.033; 


| P(1s)P(3s)dr=0.0044; 


| P(2p) P(3p)dr = 0.0649. 


From this, we obtain (approximately ) 
P.u(2s) = P(2s) —0.022P(1s), 
P.u(3s) = P(3s) —0.0329P(2s) —0.0036P (1s), 
Poru(3p) = 1.0021 P(3p) —0.0650P(2p). 


With the original non-orthogonal functions, 
the A integrals are: 

R(1s, 2p) = —2.750; k(2p, 2s) = —0.1388; 
k(2p, 3s) = —0.01996; k(2s, 3p) = —0.00131; 
k(1s, 3p) = — 0.0650. 


When, however, the orthogonal functions are 
used, the K integrals become 


K(1s, 2p) = —2.750; K(2p, 2s) = —0.1674; 


K (2p, 3s) = —0.018; K (2s, 3p) = —0.0033; 


I 
| 


K (1s, 3p) = —0.0217. 

These results are all in atomic units, so that 
the unit of energy is twice the ionization energy 
of hydrogen (with fixed nucleus) = 219,475 cm“, 
and the unit of mass = m, the mass of the electron. 
The mass of the proton is taken as equal to 1840. 

The specific shifts are then easily calculated. 
In what follows we shall omit the constant 
additive terms 5K(1s, 2p)+5K(2s, 2p). For a 3p 
state, then, the specific shifts are 


— 0.0250 * 219,475 
AW = = —0.1491 em"! 


20 X 1840 


an 


sh 
st 
tr 
di 
li 


oe ee | 
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and 
— 0.0250 & 219,475 
AWe22= - = —0.1355 cm. 
22 x 1840 
That is, the net shift 6AW=AW2—AW a 


=0.0136 cm™'. For the 2p° 3s 'P state, the net 
shift 6AW=0.0098 cm™' and for the 2p° 3s *P 
state, this net shift is 0.0293 cm™'. That is, in a 
transition 2p° 3p—2p’* 3s, the singlet lines will be 
displaced 0.0195 cm~' more than the triplet 


lines.”? 


Comparison with experiment 

Nagaoka and Mishima'* have measured the 
total shifts subtracted off the 
calculated normal shifts to obtain the specific 
effects. They obtain the results in Table ITI. 


isotope and 


TABLE III. 


Range of 


specific shift Ave. 
ls.—2p 0.030 — 0.034 0.0332 
Is;—2p O15—- .018 .0160 
lsy—2p O15—- .019 .0167 
O14—- 018 .0156 


ls;—2p 


If the level 1se be classified® as a singlet ('P;) 
and the other levels as components of a triplet 
(Po, 1, 2), then it is seen that the specific shift is 


*® Using non-orthogonal wave functions, we calculated 
this to be 0.022 cm™'. This was reported in the Bulletin 
of the Am. Phys. Soc., Chicago meeting, June, 1933. 

%° We may note that the levels 1s; and 1s, should have 
approximately triplet character, regardless of the coupling, 
since only the 1s. and 1s, levels perturb each other. 
Since the 1s, isotope shift is not very different from those 
for the 1s; and 1s;, we believe the above classification is 
legitimate for our purposes. 
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about 0.017 cm~' more for the singlet state than 
for the triplet states. This is in good agreement 
with the value obtained above from the theory. 
However, the specific shift for the transitions to 
the 'P state is 0.0038 cm™', theoretically, and 
0.0332 cm~', experimentally. 


CONCLUSION 


It seems that the theory given in the present 
paper rather satisfactorily for the 
observed neon isotope shifts. It predicts that 
singlets and triplets will have different displace- 
ments and the calculated value of the difference 
agrees well with that which is observed. Further 
refinement in the wave functions may possibly 
result in a better value for the specific shift of the 
singlet (or triplet). 


accounts 


Since, therefore, the neon isotope shifts seem 
to be due solely to a mass effect, one is led to 
inquire whether or not this is the general 
explanation of the isotope shifts found in the 
light elements. The experiments on zinc’ show 
that the lines due to the isotopes 64, 66, and 68 
are equally spaced, so that this may be due to a 
mass effect, especially since changes in nuclear 
radius do not seem to have much influence for the 
lighter nuclei. For copper, Ritschl® finds evidence 
that the d*s*??D term has an isotope shift of 
about 0.08 cm™'. If we suppose this to be 
accounted for by the specific mass effect, then an 
inspection of the energy expression shows that 
the absence of a d-electron from the d'® shell will 
have much more effect than the presence of the 
two s electrons. The argument will not be quite 
complete, however, until the quantitative results 
are obtained. 
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Multiplet Separations and Perturbed Terms 


N. G. WuiteLaw, University of Wisconsin 
(Received July 27, 1933) 


It is well known that the multiplets in spectral series 
show an anomalous widening in regions where they are 
strongly perturbed by a vagrant term of large multiplet 
structure, which tends to impress its characteristics upon 
the series. Formulae are derived in this paper for the 
multiplet widths of perturbed terms, which enable one to 
calculate the separation of the multiplet levels providing 
the total shift of the ‘‘centers of gravity”’ of the multiplets 


from their unperturbed values is known. If a Ritz cor- 
rection, n*=n—0.03629+0.0399/n?, is assumed to give 
the positions of the terms exclusive of interaction with the 
perturbing 3p3d *F term, one obtains excellent agreement 
between calculated and observed multiplet widths for the 
3snf*F series of Al II. Other examples treated are the 
2P series of Cu I and the 6snf *F series of Ba I. 





N investigating perturbed spectral series, one 
frequently finds that the multiplet separations 
behave anomalously in the region of the perturb- 
ing term. The 3smf*F series of Al II shows a 
marked widening of the multiplets in the neigh- 
borhood of the intruding member, as can be seen 
in Fig. 1. This widening, of course, is due to the 
fact that because of the perturbation, the series 
members show some of the characteristics of the 
intruding term, which here has a wider multiplet 
structure than the members of the series proper. 
The importance of intruding members in spectral 
series is well known since the noteworthy paper 
of Shenstone and Russell.' Even before the day of 
quantum mechanics Schrédinger® noted that the 
anomalous behavior and positions of the mul- 





tiplets of the *F series of Al II were to be attrib- 
uted to some sort of a resonance phenomenon. 
The perturbation mechanism for this has been 
furnished by the new mechanics, as already noted 
by R. M. Langer.* 

It is usually difficult to calculate by quadra- 
ture the off-diagonal matrix elements which em- 
body the perturbing effect of an intruding term, 
since one rarely has accurate radial wave func- 
tions at his disposal for the states in question. 
We shall find, however, that knowledge of the 
wave functions is unnecessary for the calculation 
of the relative in distinction from absolute en- 
ergies of the various members of the multiplet. 

The secular determinant for the type of prob- 
lem in which we are interested is of the form: 


H(11) +6), -—-W™ H(12) 11(13) IH(AN) 

H(12) 11(22) +0225) -—-W“”? 0 tee 0 

T1(13) 0 11(33) +633°.-—-W™ «+> 0 -0. (1) 
| HAN) 0 0 -*+ HI(NN)+onyn°?-—-W™ 


Here, apart from the magnetic terms, //(11) is 
the original position of the perturbing term, while 
H1(22), ---H(NN) have the same significance 
for the regular series members. The //(1j) are 


! Shenstone and Russell, Phys. Rev. 39, 415 (1932). 
* E. Schrédinger, Ann. d. Physik 77, 43 (1925). 





the matrix elements of electrostatic energy, and 
the o;;‘7) are those of the spin-orbit energy, 
given by 

oii =$A [J (J4+1) —L(L4+1) —S(S+1)]. (2) 


3R. M. Langer, Phys. Rev. 35, 649 (1930). 
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Fic. 1. The heavy line gives the calculated multiplet 
widths of the 3snf*F series of Al II when the Ritz correction 
is used to find the unperturbed positions of the terms; the 
broken line gives the result obtained with no correction, 
and the circles are the observed widths. The vertical 
broken line (scale 0-150 instead of 0-70) is included to 
show that all the multiplet separation would belong to 
3p3d*F were there no perturbations. 


The roots W of (1) are, of course, the actual 
term values. The spin-orbit interaction does not 
yield off-diagonal elements in (1) since it is 
diagonal in the individual azimuthal quantum 
numbers, whereas the perturbing term 1 will in 
general have different values of one or more 1; 
from the perturbed terms 2, 3, 4, ---N. All the 
terms in (1) have the same L, S and J. Each 
value of J in the sequence |L—S|---|L+4S) 
gives rise to a different secular determinant, and 
a correspondingly different set of roots W°”. 
Under our hypotheses the various determinants 
have the same //(1m) and differ solely in the o”?. 
The superscript (J) has been affixed to all 
quantities which have a dependence on J. 

The solution of a border determinant‘ such as 
(1) is given by: 


H(11) +6,,;(? — W,'”? 

N ET(Aj) |? 

=> —— ————., (3) 

j=2 H(jj) +0;;°9 —W,,”? 
It is apparent that if one possesses a set of unper- 
turbed values /7(ii) +0,,°", ((=1, ---N), for the 
spectral terms together with the corresponding 
set of actual levels W,‘”), then the off-diagonal 
electrostatic matrix elements may be computed. 





‘J. H. Van Vleck, The Theory of Electric and Magnetic 
Susceptibilities, p. 220 
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The general procedure will then be: (a) given 
the /7(1t)+0,;°”, (t=1,---N), and W,‘” for one 
value of J, solve the linear Eqs. (3) for the 
H(1j)'s, (b) by means of this set of /7(1j)’s, to- 
gether with the o,;‘”) furnished by (2) for the new 
values of J, calculate the actual values W,'‘”? 
for the remaining components. The differences 
between the roots for the various determinants 
then furnish us with the multiplet widths. Step 
(a), unlike step (b), involves just the reverse of 
the usual perturbation calculation since in (a) we 
regard the matrix elements rather than the energy 
levels unknown. 

The above assumption that the //(1j)’s are 
independent of J requires some comment. If the 
unperturbed system of representation is strictly 
Russell-Saunders in character, the assumption is, 
of course, entirely valid. However, if there is an 
appreciable tendency towards j-j coupling, 
there may be other important perturbations be- 
sides that due to state 1, namely, the perturba- 
tion due to spin-orbit interaction with states of 
similar /; but different L, S, which are not repre- 
sented in (1). Of course, one can imagine these 
interactions already allowed for in forming the 
unperturbed system, but then with given /;, L, S 
the electrostatic part of the energy will no longer 
be independent of J, and the //(1j) will not be 
independent of J. Thus our calculations are con- 
fined to configurations which are dominantly 
Russell-Saunders in character, and we must not 
be surprised to find that they do not work as well 
in Cu and Ba as in Al II. 

Under certain conditions one can simplify the 
above procedure somewhat. If the multiplet 
separations before and after perturbation are 
small compared to the shift in energy of the terms 
caused by the perturbation, one may expand the 
Eqs. (3) in terms of the o;;‘”) and (W,‘”)— W,), 
retaining only first powers of the o,;‘”) and 
(W,\” — W,). The W,, denote the actual positions 
of the terms exclusive of magnetic energy. One 
finds by this method: 

on? | (4) 
1 N HM(Aj) |? 


W,'”? —_ W, 
=1+)> - ’ (5) 
K? im? (J1(jj) —W,, 


V H(1j) |? 


= Kon? 
ie [H(jj) -—W,.}? 


with 
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This is the same as the formula: 


. 
W,.? —W,=> S(ki)oi6S"(tk), (6) 
i=1 

if the transformation matrix S is determined by 
solving the primary electrostatic problem. Eqs. 
(4) and (6) are identical inasmuch as the elements 
S(ik) of the transformation matrix for a border 
determinant such as (1) aif? =0 

(t=1, ---N) have the form: 

_ HM(1j) 

nee k ———, 
H(jj) — W, 


with 


(ix#k); S(u)=K, (7) 
where K is a normalization factor defined as in 
(5). The accurate transformation matrix is de- 
termined from a secular determinant in which the 
magnetic terms are included, but the modifica- 
tion in S resulting from these terms is unimpor- 
tant if the o’s are small. 

If the approximation (4) is allowable, the mul- 
tiplets will still obey the interval rule (2), but the 
proportionality constants will no longer have the 
unperturbed values A ,. 


APPLICATION TO THE *F Series or AL II 


The multiplet separations of the 3smf*F 


series of Al II are very irregular because of per- 
turbation by a *F term identified by Shenstone 
and Russell,! and Van Vleck‘ as arising from the 
configuration 3p3d. This term was so intimately 
absorbed into the regular 3smf *F series that it 
was classified as an ordinary member by Sawyer 
and Paschen.* 

The conditions demanded by Eq. (4) were 
satisfied in this case so the determination of the 
multiplet widths was made by that method. The 


unperturbed multiplet separations of the 3smf *F 


series were taken to be zero, permitting us to set 
aii?) =0, (t=2, ---N). The multiplet separation 
of the unperturbed 3p3d *F term was assumed to 
be the sum of the observed multiplet separations 
of the 3smf *F series plus that of 3p3d *F (Fig. 1). 
This assumption is valid since the spur of the 
matrix of the o’s (1=1, ---N), must be the same 
before and after perturbation. The multiplet 
width of a 3p3d *F term may also be calculated 
®*R. A. Sawyer and F. Paschen, Ann. d. Physik 84, 1 
(1927). 
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by Goudsmit’s formula® with the screening con- 
stants obtained from the 3s3p*P and 3p**P 
terms. The values found for the unperturbed 
overall width of 3p3d *F were: (a) from the sum 
of the observed *F widths, 142 cm~', (b) from 
3s3p *P, 146 cm™', and (c) from 3p’ *P 144 cm", 
This agreement is much better than one can 
normally expect. 

If one includes all discrete and continuous lev- 
els belonging to the 3smf*F series, the secular 
determinant to be solved is infinite. However, 
nearly all the multiplet separation is absorbed by 
the first six members of the series showing that 
they are the most strongly perturbed. An ap- 


® was obtained first by 


proximate solution W,, 
considering these six levels plus the intruder. 
Effect of terms beyond 3s9f *F on the solu- 
tion of (3). In order to take into account the 
effect of the remaining levels 3smf*F, (m= 10, 
-«), on the solution of the linear Eq. (3), the 
following procedure was adopted: The infinite 
secular problem was reduced to a finite one by 
assuming that W, may be replaced by W,,° in 
terms representing the influence of levels beyond 
359f *F. The only effect then of the outer levels 
n>7 was the contribution of an additive term B 
to the right side of Eqs. (3) restricted to n<7, 
namely, 
om |f1(1j)\? 
B=) . (8) 
j=8 I1( jj) — W,° 
The values of (8) were estimated by assuming 
that for the levels beyond 3s9f *F: 


11(17) = C1/r?(3d; mf). (9) 


The basis of this assumption will be discussed in 
a paper immediately following this one; the point 
is not that (9) is strictly true but that it is a 
sufficient approximation for //(1j), (7 >7), since 
/1(18)-+-TI(1.N) need not be known as accurately 
as //(12)-+-/1(17). The factor of proportionality, 
C, was determined so as to make the //(1)), 
(j7 <8), obtained by (9) agree as well as possible 
with the correct values found from (3). The 
matrix elements of 1/r°(3d; mf) for discrete- 
discrete transitions were calculated by means of 
the well-known Laguerre functions. In the dis- 
crete-continuous case, one finds by a method 


* Pauling and Goudsmit, The Structure of Line Spectra, 
p. 99; W. Heisenberg, Zeits. f. Physik 32, $41 (1925). 
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similar to that used by Sugiura’ in his calculation of the number of dispersion electrons for discrete- 


continuous transitions in hydrogen that for the case mj =/,=/,+1 


1 27 3 (n,;—1,—1) !e?*7(e?*7—1)e 4z arctan(n,/2z) | 
— (nli; Ele) = . 
r? Nolo le 


2n,{ (ny +/,) V}88m?Zay(4E)'2(1, !)? Il (1+ x? pu”) 


(2Z/m1)"[ (my 4+1,) ! }?20t(my?/ E)'2(x?+n,7)% 
x 


pol 


K, (10) 
(e2*=—1)(m,/1FS)ote( —x4+n,) oth 


title le —ix lo +ix l;—ix\” (2lg)*!2(aw+1,;—1)+ ++ (ix—b,4+1) 
mE", Masui) "> , 
p=e P h+h—ps N\i+ix (2ly—1) Mi +ax) ot! 


Here x= Z/E', and E denotes the energy meas- 
ured in multiples of the Rydberg constant.* 
The variation of the square of the absolute value 
of (10) as a function of E may be seen in Fig. 2.° 
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The inclusion of term B made a difference vary- 
ing from six to one percent in the multiplet widths 
according as respectively the multiplet was far 
removed from or close to the intruder. 

Positions of unperturbed levels. The unper- 
turbed energy values of 3smf *F, (m=4, 5, +--+ 9), 


7Y. Sugiura, J. de Physique 8, 113 (1927). Sci. Papers, 
Toyko Inst. Phys. and Chem. 11, 1 (1929). 

*The second form of the expression for K is obtained 
from the first by expressing the sum as a_ coefficient 
in a multinomial expansion, after removal of a factor 
I/(l;+1x)"*%, This coefficient can be proved to be a 
polynomial in ix, and can be evaluated since its zeros can 
be obtained by inspection. 

* As a check on the correctness of (10), we have verified 
that formula (17) of the following paper is satisfied, 
specialized to s 2, n=3,l=l'—1=2. The right and left 
sides of (17) are then found to agree to within 5 percent, 
which is as good as can be expected since the integration 


were obtained by applying an empirical Ritz 
correction : 


n—n* =0.03629 — 0.0399, n?, (11) 


to a straight hydrogenic set of energy levels. A 
correction of this general nature was necessary 
since the unperturbed set should be unperturbed 
only in the sense that they have not felt the dis- 
turbing influence of 3p3d *F. An attempt is made 
to justify the particular Ritz correction (11) in 
Section V of the following paper.'® The calculated 
multiplet widths proved to be very sensitive to 
the Ritz correction assumed for the unperturbed 
positions. This was especially true for the multi- 
plets of the first and last series members of the 
six treated, for which we do not obtain good 
agreement if much change is made in the con- 
stants of (11). For example if instead of (11) the 
Balmer formula, n—n*=0, had been used, we 
would have obtained the dotted curve in Fig. 1. 
Since the quantum defect due to perturbation by 
3p3d *F was very large for the middle members, 
they did not prove as sensitive as the outside 


over the continuum can only be performed graphically 
and high numerical precision was not attempted. In (17) 
the summation is, of course, to be understood to include 
this integration. The matrix elements (10) are so normal- 
ized that their contribution to (17) is obtained by squaring 
and integrating over E from 0 to . As an additional 
check, it was verified that the discrete and continuous 
elements join together at E=0 in the fashion discussed 
in connection with reference 28 of the following paper 
(Phys. Rev. 44, 551 (1933)). Only the discrete-continuous 
matrix elements are exhibited in Fig. 2. The discrete- 
discrete elements are found in our case to contribute 
only 13 percent of (17). 

” Van Vleck and Whitelaw, Phys. Rev. 44, 551 (1933). 
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ones to the unperturbed positions assumed. In 
the case of the outside members, the Ritz correc- 
tion and the quantum defect due to perturbation 
by 3p3d *F were of the same order of magnitude. 

The unperturbed position of the intruding term 
HT(11) was located for the solution of the six levels 
alone plus the intruder by making use of the 
theorem" that for a unitary transformation the 
spur of the energy matrix is invariant. Given all 
the actual term values plus the unperturbed ones 
of the regular series members, one easily locates 
the intruder at 11,568 cm™. 

Results. A table of the calculated versus the 
observed multiplet widths, and of the off-diag- 
onal elements //(1/) is given in Table I. 














TABLE I. 

Term Calc. Sep. Obs. Sep. H(1j) 
3s4f3F 4.77 cm" 4.92 cm™ 2948 cm™ 

5f 11.98 12.29 2056 

of 40.67 40.44 1502 
3p3d 57.90 58.10 
3s7f 18.36 17.83 1176 

&f 5.61 5.70 940 

2.42 778 


of 2.46 








Insensitivity of multiplets to distant perturba- 
tions. In a great many cases one finds multiplets 
which have been displaced as a whole, but the 
relative positions of the components remain un- 
altered. This is to be expected unless the perturb- 
ing member is nearby or unless either the per- 
turbing term or the perturbed member has an 
extremely wide multiplet structure. If //(i7) is 
the matrix element of perturbation between two 
remote terms, the energy shift of the perturbed 
term as a whole is approximately: 


AW = | H(ij)|*/(H (ii) —H(jj)], (12) 


whereas the new multiplet separation absorbed 
from the perturbing term is: 


oj; ‘2 = | H(i) 29, (7) (13) 


H (ii) — H(jj)|?, 


if o;;‘”) is the unperturbed multiplet width of the 
intruder. One sees then that it may be possible to 
have large perturbing matrix elements and still 


1 There is no essential modification of the theorem 
necessary when the additional terms (8) are included in 
the secular problem, as all one needs to do is to regard 
the original levels in the secular problem of the six lowest 
states as inclusive of the displacement (8). 
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have little effect on multiplet widths provided 
the perturbing term is sufficiently far removed, 
since (12) has the first power and (13) the second 
of (H(i) — H(jj)] in the denominator. 

This condition is quite generally found in the 
low lying multiplets of two electron spectra. The 
perturbing terms usually lie near or outside the 
series limit, and shift the terms downward as a 
whole without disturbing their multiplet struc- 
ture to any extent. As noted by Shenstone and 
Russell, the lowest *P terms of Zn, Cd and Hg, 
all lie much deeper than a linear extrapolation of 
the quantum defect for higher lying terms would 
indicate. However, if one examines the multiplet 
separations in the above series, one finds them to 
be quite regular. In the case of Al II the positions 
of the 3smf *F terms are influenced by 3pmg *F. 
The effect of this influence, by no means insignifi- 
cant (cf. next paper), is incorporated in our “‘un- 
perturbed”’ levels (11). Nevertheless due to the 
large energy separation, a negligible amount of 
the multiplet separation of 3p5g *F is shared, al- 
though its multiplet width is of the same order of 
magnitude as that of 3p3d °F. 

Hyperfine structure. The hfs of the F terms of 
Al II is mainly due to the 3s electron. Hence the 
perturbation by 33d diminishes the hfs of a 
term 3snf *F by a fractional amount equal to the 
ratio of its multiplet separation, as given in the 
table, to the intruder’s original separation 142 
cm~'!. The perturbed 3p3d *F state should have a 
hfs of (142-58) /142 =0.59 times the width of that 
of an unperturbed 3snf*F term." The existing 
spectral measurements are not refined enough to 
test these predictions. 

Si III. The snmf *F series of Si III shows a 
perturbation and anomalous multiplet width 
similar to that in Al II, but extensive calculations 
are not feasible since only the two lowest terms 
have been identified. 


THE ?P SERIES OF COPPER 


The *P series of copper is perturbed" by two 
levels and consequently only a rough correlation 


2 This behavior is a rather extreme example of the 
modulation of hfs by electrostatic perturbations, an effect 
stressed recently by Fermi and Segre, Zeits. f. Physik 82, 
729 (1933). 

'? Shenstone, Phys. Rev. 34, 1623 (1929). Also private 
communication in regard to perturbing terms in Cu. 
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can be made between the term displacements and 
the multiplet separations. The multiplet separa- 
tions of these levels are not small compared to the 
displacements caused by the perturbation, and so 
Eq. (4) cannot be used. The perturbation matrix 
elements, if one assumes Russell and Saunders 
coupling will, however, still be independent of J. 
One may work out the perturbation matrix ele- 
ments between the ?P; terms and the chief per- 
turbing term, and use these perturbation ele- 
ments to calculate the perturbed positions of the 
*P, terms. 

The selection of the unperturbed positions of 
the *P; series is quite critical as there is only 
a narrow range for the quantum defect which 
will yield a sensible solution. The equation 
n—n* = 2.08 — 1.66 X 10~*», was found empirically 
to give the best agreement with experiment, and 
made the observed and unperturbed positions of 
the first series member agree. 

The resulting term values are given in Table II. 


TABLE II. 
sp, *P} 

n Observed Calculated Observed Assumed 

4 31,780.8 cm™ 31,532.4 em"! 31,532.4 cm™! 
5 12,932.7 12,929 12,933.1 12,566 

6 7,288.3 7,377 7,531.9 7,185 

7 4,897.4 4,941 4,366.8 4,543 

2,890 3 


8 2,993.2 3,040.1 3,135 


A better idea of the agreement is perhaps furn- 
ished by the graph of quantum defect against 
term value in Fig. 3. The perturbing multiplet 
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Fic, 3. The dots give the unperturbed defects assumed 
for the *P3 levels of Cu I. The circles give the calculated 
perturbed defects for the *P, series. The asterisk indicates 
observed defects for the ?Py members. 
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2P,, is located at 3952.3, 5972.7 cm™'. From the 
constancy of the diagonal sum of the energy 
matrix, the corresponding unperturbed position 
is found to be 4498, 6426 cm~'. There is also the 
other perturbing multiplet Py,3 at 16,495.2, 
16,436.9 cm, but we have neglected its dis- 
turbing influence, which is small except perhaps 


on 5p *P. 


THE *F SERIES OF BARIUM 


As noted by Shenstone arfd Russell the 6snf *F 
series is badly perturbed by a term arising from a 
5d7p configuration. This perturbing term has 
such a wide multiplet structure that one must 
proceed as in the case of copper. A set of unper- 
turbed energy values for the *F component was 
obtained by assuming the first and fourth mem- 
bers of the 6snf series to be undisturbed by the 
intruding 5d7p *F term. A linear extrapolation of 
the quantum defect as a function of the term 
value then yielded unperturbed energy values for 
the second and third terms. Beyond the fourth 
term of the series a new perturbation enters which 
makes it impossible to treat the series further. 
The calculation of the //(17)’s for the *F: com- 
ponent was performed as in the case of copper, 
and the perturbed positions of the *F; and *F, 
components and 'F; computed. It was necessary, 
of course, to assume that the exchange portion of 
the //(1j) vanished in this case in order to use the 
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Fic. 4. The dotted lines give the unperturbed defects 
assumed for the indicated components of the 6snf*F series 
and the 'F series of Ba I. The heavy lines give the calcu- 
lated perturbed defects, and the asterisk shows the observed 
defect. 
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H(1j) calculated for the triplets for determining 
the perturbed positions of the singlets. Section VI] 
of the following paper shows that this assumption 
is not an especially close approximation. 

Table III gives the computed energy values. 
The corresponding quantum defects are illus- 
trated in Fig. 4. 


TABLE III. 





Calculated Observed 
Term*F, *F3 3Fy ‘Fs 3F, 3F; 3Fy 'F; 

4 — - — 7429.8 7415.8 7401.6 7296.2 
5 — 4611 4445 4610 4637.6 4613.4 4508.3 4750.5 
6 — 3210 3200 3180 3216.8 3213.3 3207.2 3148.4 
- - -- -— 2354.2 2351.7 2349.3 2327.3 
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The corresponding positions of the perturbing 
term are 


5d7p 3 F 3 Fy 3 F; 3 F, 1 Fy 
Observed 5796.3 5519.7 4899.5 4291.44 
Unperturbed 5721.7 5429 4708 4400 


In conclusion the writer wishes to thank Pro- 
fessor J. H. Van Vleck for suggesting the problem, 
and for helpful suggestions during the progress 
of the work. Also, the latter part of this paper as 
well as the following was partially supported 
(N. G. W.) by a grant from the Wisconsin 
Alumni Research Foundation. 
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The Quantum Defect of Nonpenetrating Orbits, with Special Application to Al II 


J. H. VAN VLECK AND N. G. WuiteLaw, University of Wisconsin 
(Received July 27, 1933) 


The conventional formula for the displacement in energy 
due to polarization of the atom-core, the major cause of 
quantum defect in nonpenetrating orbits, is —}ae*r‘. 
Modifications of this formula are given which are necessary 
if the absorption frequencies of the outer electron are not 
negligible compared with those of the atom-core. These 
modifications are more important for alkaline earths than 
alkalis, since in the former the atom-core includes the 
inner valence electron. The modified formulas require the 
evaluation of certain mean or “‘centroid’’ frequencies, for 
which approximate methods are given. Our centroid 
methods are readily adaptable to other problems, such as, 
for example, derivation of Wigner'’s formula for the 
apportionment of the dispersion f-sum between /—1 and 
i+1. With the aid-of the modified polarization formula, 
the numbers of dispersion electrons for the resonance lines 
3s—3p of Al III, Si IV are calculated to be 0.83, 0.80, 
respectively, from the quantum defects of the G terms of 
Al II, Si Ill. These values are, we believe, as reliable as 


those by other, more standard methods. The absolute 
(but not the relative) term values given in the literature 
for the spectrum of Si III are shown to be all too low by 
90+15 cm™! due to improper evaluation of the series limit. 
The calculated values of the quantum defect of the *F 
terms of Al II exclusive of the perturbation by 393d, also 
the values of the interaction matrix elements H(3p3d *F; 
3snf*F) as computed by wave functions, are found to 
agree within the limits of error with the values obtained 
in the preceding paper in connection with the multiplet 
anomaly. From the behavior of the 3snf'F terms, it is 
estimated that the unknown term 3p3d 'F is about 10,000 
cm! beyond the series limit. The centroid modifications 
of the quadrupole corrections are calculated. The negligible 
singlet-triplet separation in the G terms of Al II is due to 
a fortuitous cancellation of penetration and quadrupole 
effects. The conditions are derived under which Langer’s 
perturbation formula is theoretically valid. 





I. INTRODUCTION 


N spectra involving one excited electron, the 

displacements of the energy levels from the 
hydrogenic values — RZ*/n® are due primarily to 
two causes: (I) penetration of the inner regions of 
the atom by the excited electron, (II) polariza- 
tion of the atom-core. By the atom-core is meant 
the ion obtained by stripping the atom of the ex- 
cited electron. We do not consider the Heisenberg 
exchange effect as a separate cause, but exchange 
terms can enter in connection with both (I) and 
(II) after the wave functions are given the proper 
symmetry properties. In the present paper we 
shall consider spectral terms whose quantum de- 
fect is due primarily to (I1), which is the main 
cause if the excited orbit has a large azimuthal 
quantum number and hence a large perihelion 
distance. 

The effect of (II) is usually deduced by the fol- 
lowing argument.! If the radius 7 of the excited 
electron’s orbit is large compared to the dimen- 
sions of the atom-core, this electron exerts a 





‘Born and Heisenberg, Zeits. f. Physik 23, 388 (1924). 


sensibly homogeneous field —e/r? on the rest of 
the atom, and so induces a dipole moment — ae/r* 
in the atom-core, where a is the latter’s specific 
polarizability. This dipole will in turn react on 
the excited electron with an attractive force 
F(r) =2ae*/r*, since a dipole of strength yw yields 
a field 2u/r° at points along its axis. Thus the 
potential energy due to polarization of the atom- 


core is 
f Foar- — ae? /2r‘. 


If we regard this as a perturbative potential 
superposed on the ordinary Coulomb attraction, 
and if we neglect squares of a, the change in the 
quantized energy is approximately the mean 
value of this potential. Hence 


W = — RZ?/n*? —}ae*(1/r‘). (1) 


If the orbit is nonpenetrating, it is allowable to 
use the mean value of r-* appropriate to Kepler- 
ian motion, viz., 


21. Waller, Zeits. f. Physik 38, 635 (1926). 
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n3(/?—1) n>} 


Then the spectral terms will have the Rydberg- 
Ritz form, inasmuch as 


—RZ?/(n—A—an*)? 
= —RZ*(n-*+2An-*+2an-*°+---). 


The preceding conventional derivation of (1) 
is based on an intuitive model in which the atom- 
core is endowed ad hoc with a polarizability a 
rather than deduced from the actual potential 
function 
Ze’ e* 
¥a-5—+5— 


r; 72 Vi; 


(2) 


of the atom. The derivation of (1) from the in- 
tuitive model possesses simplicity, but clearly 
lacks rigor of detail. Instead it is possible to de- 
rive (1) from (2) by perturbation theory. This 
has been done independently by Joseph and 
Maria Goeppert Mayer® and by the writers.‘ The 
latter published only an abstract giving the con- 
ditions which underly the proof. In view of the 
subsequent appearance of the Mayer paper, we 
shall omit the explicit proof for the general atom. 
However, the proof for systems with two elec- 
trons is incidental to the general analysis of such 
systems given in the present paper, and the ex- 
tension to more than two electrons is fairly ob- 
vious. The conditions under which (1) can be 
obtained from (2) are: (a) the atom-core must 
be in an S state; (b) the perihelion distance of 
the excited electron must be large compared to 
the diameter of the atom-core; (c) the Heisen- 
berg exchange terms are to be neglected; (d) 


VAN VLECK AND N. G. 


WHITELAW 


quadrupole and higher order terms are to be dis- 
regarded; and especially (e) the absorption fre- 
quencies of the atom-core must be large in magni- 
tude compared to the frequencies associated with 
transitions of the valence electron. 

Condition (b) is tantamount to disregarding 
the penetration, but if the penetration correc- 
tions are small, they may be considered as simply 
additive to the major polarization effect. 

More important than any question of rigor is 
the fact that the proof of (1) by means of (2) 
has the great advantage that it shows us how 
(1) is to be modified when various of the condi- 
tions (a)—(e), notably (e), are not fulfilled. In 
an atom or ion with two electrons outside of 
closed shells, the portion of the atom-core which 
is most easily polarized by the excited valence 
electron is clearly the other, non-excited valence 
electron (e.g., the 3s electron in Al II). The re- 
maining electrons involved in the atom-core are 
much more firmly bound, so that the interaction 
of the atom-core and the excited electron is 
effectively that characteristic of a system with 
two electrons. Thus in our application to Al II, 
we shall entirely disregard the polarization effect 
on the ten electrons 1s? 2s? 2p°. The inner valence 
electron is subject to a field only about twice as 
strong as for the outer one, so that the former's 
absorption frequencies are not exceedingly large 
compared with those of the latter. Thus (e) is a 
bad approximation in spectra isoelectronic with 
the alkaline earths. In the examples studied in 
the present paper we consequently encounter 
conditions radically different from those in the 
alkali atoms treated by J. and M. Mayer, where 
the atom-core is homologous with an inert gas 
rather than an alkali, and where, therefore, (e) 
is a valid approximation. 


II. Matrix ELEMENTS OF THE INTERELECTRONIC POTENTIAL FOR SYSTEMS WITH 
Two VALENCE ELECTRONS 


As a first approximation, the wave functions for a system with two non-equivalent valence elec- 


trons may be taken to be 


WrotongliLM = 2 Vy mi. Mo, (my+mo=M) Amimol Wnjtimi( 1 )Wnotomo( 2) + WV notom,(1 Jn grim, 2) |, (3) 


| 


where the minus or plus sign is to be used according as a triplet or singlet state is desired. The ab- | 
breviation ¥(1) is used for ¥(x:y121), and Wnjiim; is often contracted to y;, etc. The letters m,, li, mi 


3]. E. and M. G. Mayer, Phys. Rev. 43, 605 (1933). 


*N. G. Whitelaw and J. H. Van Vleck, Phys. Rev. 41, 389A (1932). 
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denote respectively the principal, azimuthal, and magnetic quantum numbers for the inner electron, 
while mo, /o, m> have the corresponding significance for the outer one. All of our wave functions are 
exclusive of spin and so the m’s are purely orbital spatial quantum numbers. The coefficients a are 
those of the well-known Clebsch-Gordan series’ associated with the vectorial addition of /;, /, to a 
resultant L. Oftentimes we are interested in states for which L =/,+/2; when this is the case no sum- 
mation is necessary in (3) provided we take .\J=L, which involves no loss of generality in the ab- 
sence of external fields. When the summation can thus be eliminated, the factor a reduces to unity. 
The subscripts 7 and o mean that the corresponding wave functions are solutions for a one body 
problem appropriate to inner and outer valence electrons, respectively. That is to say, Wnjiim; is a 
solution of a three-dimensional wave equation with a potential function f(r), while Pxoiom. is a solution 
of such an equation with a potential function f(r)+e?/r. The physical basis for this procedure is of 
course that as a first approximation the inner electron affects the outer one as though it were con- 
centrated at the nucleus. The potential f(r), although central, will in general not be of Coulomb form, 
as some allowance for penetration of the inner shells is important in the construction of y;, though 
usually trivial for Yo. 

We must now proceed to solution of the accurate six-dimensional wave equation, using (3) as the 


unperturbed wave functions. The Hamiltonian operator for this equation is 
H = — (h?/8x?2m) (V1? +02?) + f(r) +f(r2) +e?/ rie. (4) 
Let 
Hind nidiin.'l.'n,l’) = [ vv dodo, (5) 
e 
In the evaluation of (5) it is convenient to use the familiar expansion 
9 9 9 9 9 
fe + e*r,? 
—=—+ cos (7a, fo) +—— [3 cos? (ra, ro) —1]+°--, (6) 
r\2 rr ry” 2r,° 


where r, is the greater and 7, the lesser of the two quantities 7,, and fro. 

Definition of H,, H+, H,—. Let H, denote (4) with riz replaced by 7 and let /7,(k>0) denote the 
terms of degree k in r, in the expansion (6). It is well known that with any given W and W’ the matrix 
element J/,(;) vanish for all k above a certain critical value.* Furthermore the integral (5) vanishes 
unless the same choice of sign in (3) is used for the initial and final wave function, and unless also 
L=L’', M=M’, and /;+/,—/;'—1,’ is an even number. Since // is diagonal in L and independent of 
M, we do not always list ./ or L among the arguments of the //;’s; it is to be understood throughout 
that we are confining our attention to one particular value of L. Let 


H1,.(ndnJl.; ni line'l’) = Hes(nd inde: nilin'l’) +H, (nd nd; niline'l,’), (7) 


where the choice of sign is the same as that in (3), and where hence the plus and minus sign are 
appropriate respectively to singlet and triplet terms. It is seen that //,( ) and H/_() denote re- 
spectively the parts of (5) which do and which do not change sign when the signs in (3) are reversed 
for both VW and W’. The //,_ may be regarded as the exchange terms, for they are responsible for the 
singlet-triplet separation. 

The determination of the characteristic values W of the wave equation associated with (5) is 
equivalent to solution of an infinite secular equation. If we retain only diagonal elements, the solution 
for states having /;=0 is 


W, =H1,.(nd nid is nolonid:) {Hy (nd nd; ndond) (8) 





5Cf., for instance, E. Wigner, Gruppentheorie, p. 205. ®Cf. J. C. Slater, Phys. Rev. 34, 1293 (1929). 
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with’ 
Ho. = Wi(n.J,) +W(nd;) + | { Cet rp—e?/ry ]\ Wo(1) | 2) Wi(2) | 2deidve, (9) 
mn-= f | [e*r go /rylot! WWo*(1)Wi*(2) Wil 1) Wo(2)dvidre. (10 


Here W(n./,) and W(njl;) are the characteristic values of the three dimensional wave equations satis- 
fied by y. and y;, respectively. Since penetration of the interior closed shells is unimportant for the 
outer electron, W(n./,) will have the hydrogenic form — RZ?/n*. In the specification of spectral terms 
for systems with two electrons it is customary to choose the origin for the energy in such a way that 
the term value vanishes when one electron is removed to infinity and the other is left in its normal 
state. Hence we take W(n,/;) =0 when the inner electron is unexcited. The integrand in (9) vanishes 
except when the outer electron is nearer the nucleus than the inner one. The nondiagonal elements of 
(5) affect the energy only when squares and higher powers of these terms are considered by using the 
well-known perturbation formula*® 


(H1,+Het-+++)(nolond; n'l'n, 1’)? 
W= Wot do nitti'ne’lo’ 9 (11 


hv(ndonils; no'l,’n;'1,’) 
which is valid provided 


(1, +Hlet++++)( 3) <€ hv; )). (12 


The squared terms in (11) are actually more important than the integrals in (9) and (10) if the 
azimuthal quantum number is so large that polarization is more important than penetration. 

Definition of H+’. Let H,+' (k>O) be the value of /7,4 which is obtained if one replaces 7,, 7% by 
ri, Yo, respectively. Here r;, 7, denote the radii associated with the coordinate arguments of y;, y, re- 
spectively. The relation 


Hys(ndl nidi: no'l'n li’) = Hye’ (nd nidine'l,’n;'l,’) (13 


is never accurately fulfilled, as WV does not entirely vanish in the region for which r;>r,, but never- 
theless (13) is usually a fairly good approximation. The explicit value of //,,’ is 


Hy,’(ndind.3 nil'n,'l,’) = e*rs-2(ndo; nol,’ )r (nd; nil’) cos (rn, re) (Li d,; Liy1,’), (14 
where?® 
Te'(Nela: Nele ) = { Rar Rear (a =1 or 0) (15 
. 
cos (r1, re) (LIl.; Li'l’) = | ©* cos (71, 72) ®’dwidwe, (16 
. 


with the notation R;, R, for the radial factors of ¥:, ¥., respectively, and # for the “‘angular”’ part of ¥, 
obtained by deletion of all radial factors. The radial factors are independent of m;, m, and so can be 
taken outside the summation in (3). It is to be further understood that the exchange or “‘cross” 
terms are to be omitted in evaluating the integral in (16) since we are at present interested only in 
the portion //, of H/. The expressions (15) are not to be confused with ordinary matrix elements, as 
the angular factor essential to the complete wave functions is omitted. The initial and final functions 





7W. Heisenberg, Zeits. f. Physik 39, 499 (1926). 
8 Rigorously, Hf) contains nondiagonal terms which 


should be included in the squared part of (11), but these 
terms are a second-order penetration effect and may be 


neglected in our work. 


*We always take the radial part of the generalized 
volume element as dr rather than r*dr. This is legitimate, 
since the ‘‘weight factor’ r may be eliminated by changing 
the definition of R by a factor r, so that R satisfies @ 
self-adjoint differential equation. 
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R,, Ra’ belong to different sets of orthogonal functions in the variable r except when /, =/,’. Despite 
this fact there are relations of the form 


>. 20’ | 7*(Molo; Mole’) |? =r?*(nbo; Nelo), (17) 


as one of us has shown elsewhere.'® The element on the right side of (17) is an ordinary matrix ele- 
ment, as here the initial and final / indices are the same. It is to be particularly noted that we do not 
sum over /,’ in (17), and that (17) holds for any value of /,’. Incidentally, (17) would still hold for any 
function of the single variable 7 rather than a simple power function; also inner rather than outer 
radial functions and coordinates could be used. Our use of (17) will be confined mainly to the case 

s=—2. 

Now 
cos (71, r2) (Lid; Li,’l.’)=0 unless (/;—/,’| =\1,—1’| =1, (18) 


as is easily verified from the properties of spherical harmonics. The nonvanishing elements of cos (r;, 72) 
are rather complicated unless we assume that the inner electron is in an s state, which we shall do 
henceforth. If we apply one of the invariance theorems known as the “‘principle of spectroscopic 
stability’’ to the passage from LV to individual space (i.e., m;, m,.) quantization," and if we use the 
diagonality in 7 we have the relation 


cos (71, r2) (LU l.; LL /1,’) |? = Yomi. mot cos (1, 72) (Lilom ym; 1;'1o’m;'m,’) | ?. (19) 


Here the indices on the left side of the equation relate to an L, MW system of representation; those on 
the right to an m;, m, one. Eq. (19) as it stands, is only valid if the inner electron is initially in an s 
state making L=/,, 1;= m,;=0, 1; =1. Otherwise a summation over L on the left and over m,;, m, (with 
m;+m,= M) would be necessary, and then (19) would be of much less value. The value of cos (r;, 72) 
is proportional to that of (x\x2+yi:y2+2:22), and in a system of individual space quantization the 
averages for the inner and outer electrons may be computed independently. Hence in connection 
with the right side of (19) we may utilize the principle of spectroscopic stability in the following form: 
(x1Xe+ ViVe+2122)? =32;722? since xi =(), etc. (20) 
The bars denote a spatial average and signify quantum-mechanically a summation over the 
magnetic quantum number. Eq. (19) thus becomes 


cos 6,(00; 10) * +34} 
cos (71, re) (1,01; 1. 1l4,41) |? =3 - > m,|cos 6,(l,m.o; lo 1m,) |? = . 
21,+1 6l,+2 


with cos @=2/r. The indices on the left side of the first equality sign specify L, /;, /,; those on the 
right give /;, m; or /1,, m.. In the final form of (21) use has been made of the explicit form of the 
matrix elements of cos @ for the one electron problem." 

Since the unperturbed energies of the inner and outer electrons are additive 


hv(nd nd; nl n,'l,’) =hv;+hv, = Wind) — W(n'1,’) + W(nd,) — Wn, '1,’). (22) 


If one can assume that the frequencies associated with transitions of the outer electron are small in 
absolute magnitude compared to those associated with transitions of the inner electron, then 


| vo( Moles Mole’) |<<) vi(nily; n,'l,’) |, y(n nl.3 ni liin,'l,’) ~v (nds nl’). (23) 


If we can disregard the part //,_ of 17,, and all of 7/2, I/;, «++ and if one can legitimately make the 
approximations (13) and (23), then (11) becomes in virtue of (14), (17), (21) and (23) 

J. H. Van Vleck, Proc. Nat. Acad. Sci. 15, 757 (1929). 

"Cf., for instance, J. H. Van Vleck, The Theory of Electric and Magnetic Susceptibilities, p. 139. 

® Cf. p. 151 of reference 11. 
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r ¥ 1+171 r(nO;n,'1) |? 
W=W,- bac} —-— + : | ~(ndoi nd.) with a=—2> ony ‘ (24) 
2i+1 2/+1Jr' Shv(n 0; 1/1) 


The expression a defined in (24) is the polarizability of the inner electron." If we disregard penetration 
(i.e., neglect the integrals in (9) and (10) by setting W,= — RZ*/n*), Eq. (24) is the same as (1)." 
The physical significance of the various approximations is as set forth in Section I. 

Isolation of the contributions due to |,'=1,+-1 and |,’=l,—1. The first and second terms of the 
bracketed factor of (24) are the contributions due to interactions with states having /,’=/,—1 and 
1,’ =1,+1, respectively. This separation of unity into two parts would be banal if our primary object 
were only the derivation of (1), as then one could immediately replace cos? (7), 72) by its mean value 
1/3 without the necessity of using the explicit matrix elements embodied in (24). This value 1/3, how- 
ever, is consummated only after complete matrix multiplication, wherein one sums over /,’, as well as 
N;, No, m;, m,. When (1) is not valid, it often proves very convenient to have isolated the contributions 
corresponding to /,’=/,+1 and /,’=/,—1, respectively. For instance, Eq. (24) tells us that when 
(23) is valid, 3/7 of the polarization effect for sfF terms is due to interaction with pd F terms and 4/7 
to that with pg F. Similarly, 4/9 of the effect for an sg G is due to pf G and 5/9 to ph G. These par- 
ticular apportionment ratios will often be used in our later work. 


III. PRocCEDURES FOR CALCULATING CENTROID FREQUENCIES 


We have already mentioned in Section I that the approximation (23) is inadequate for systems 
with two valence electrons. In such systems, however, it is usually true that virtually all the absorp- 
tion intensity associated with the inner electron arises from the first line of the principal series. If 
this is so, it is possible without much error to assume, as we shall henceforth throughout the ar- 
ticle that 

r(n0; n'1)=0 unless n,;’=n;+1. (25) 


If we assume (25), but not (23) we have in place of (24) 


1 V; l, l,+1 
W = W,—}ae? — —— | ——----- —-—_— + -— ——- + (26) 
r* 21,41 Lv_g(nd,3l;-—1) — v_4(nl,-9l, +1) 


where —»; is an abbreviation for the frequency of the first line of the principal series of the inner 
electron, and where the v_,(",/,-/,+1) are “centroid frequencies” defined by 
| | 
» . , 9 
—————— =[r**(nJ.; nd.) J Den) r*( Ido; %o be) |? ——— 


v25(Nolo—l,’ ) Vit Vo(Ml,; Mo'l,’) 


bho 
~I 


Whenever we use an arrow in the argument of a frequency, it means that it is some sort of a centroid 
or average frequency. It turns out that the centroids for /,’—/,= +1, —1 are quite different. If we 
could equate the centroids to v;, Eq. (26) would, of course, reduce to (24) or (1). 

The centroids can be determined accurately by explicit calculation of the matrix elements of 7’ 
and direct evaluation of the sum in (27). The most difficult part of the sum is the integration over 
the continuous spectrum. The matrix elements appropriate to the continuous part have been given 
in Eq. (10) of the preceding paper for the case n,=/,+1, s= —2, and when these elements are known 
the integration of the continuum may be performed graphically. Centroids obtained in this fashion 
we shall term “exact.” The general extension of the exact procedure to n,>/,+1 appears rather 


13 See Eq. (28), p. 195 of reference 11. 
4 Since diagonal matrix elements have the physical Eq. (1), omit the indices of the diagonal elements and 
significance of being time averages, we oftentimes, as in employ instead the bar commonly used for averages. 
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laborious, and so it is convenient to devise approximate ways of determining the centroids. Two 
methods suggest themselves. 

Method 1. By an expansion in »,(ml.; mol’) — ve." (molo—l,) and use of (17) and (22), we have the 
| following development 


r*(nolo; mo'l,’) |? r2*( nolo Nolo) 
tienes ae 


vit vo(Mdo; Mo'le’) vitves”(nd.l,’) 





> 26! | 1*(Molos Mole’) | *[ vo( Molo: Mo'lo’) — vey" (Mol. l,.') ] 


—_——_—_— +--+, (28) 
| [vitve,(ml,—l,’) }? 

Method 1 consists in adjusting v2,"')("J,.-/,’) so as to make the second term in this development 
vanish. Thus v2," (n,/,—>/,’), which is not to be confused with ve,(2./.—/,.’), is defined by the relation 


vos") (Molo— le’) = | Sono’ Vo( Molo; Molo’) | r*( Molo; Mobo’) |?) /r?*(nolo; Nelo). (29) 


Method 1 consists in using »;+ v2," (n/,-1,’) as an approximate value of v2,(m./.—/,"). It is clear that 
these two expressions would be identical if one could neglect the unwritten higher order terms in the 
development (28). Hence method 1 will be a good approximation if the summand in (27) has a sharp 
maximum at some particular term, so that the convergence of the development is good. 

The value of (29) is calculated by the following method. We utilize the Bohr frequency condition 
hv.= W,'—W.. The term proportional to W, can be evaluated by (17) since W, is a constant factor 
which can be taken outside the summation. The terms proportional to W,’ are calculated by using a 
relation 

> nono”? 1°(Molos Mole’) Ho'(me”"; No’) r*(Mo'le’ s Nolo) = (r* HT o'r") (Melos Nolo), (30) 


which is analogous to (17) except that there is a triple rather than double product. Here 


h? 0? I(l+1)] Ze? 
H,;= ———— - -  —- |- . Hi.(n.; no’) = [ RevuBEaResudlr =i(ne5 no’) Wrote, (31) 


822m Lor? r? r 


with 6 the usual Kronecker symbol. The right side of (30) is the same as 


h? ra) 
rH.» ———_ { s(s —1) r**-?++-2sr**-! — J I(nJ,; nul.) 
8x2m or 


= r?* Waotp t+— [s?+1,’(1.’+ 1) —I,(l,+1 ) Jr** 


Sx2m 


to 


(32) 


Here in the second form the term in 0/dr has been eliminated by a partial integration, and H:,’ has 
been expressed in terms of H:,. Thus finally, we have 


vos") (nolo—l,’) = Ls? +1.’ (lo +1) —L(lo +1) JLhr**-? (no; mole) /8x?mr**(ndo; nde) }. (33) 


The mean value of r~* needed in connection with (33) when s = — 2 can be computed by direct quadra- 
ture for simple cases. A general formula for this mean value has, however, been obtained by another 
method, and will be published elsewhere by one of us. 

Method 2. The second method utilizes the fact that in the special case s = —2 a closed expression 
can be found for the right side of (27) if we set v;=0. This is, of course, the opposite of the usual 
| approximation v,=0 made to obtain (1). Let 1/v2,("J,-/,’):.0 be the value of the right side of (27) 
with »y;=0. Then an approximate value of v_4("J,1,’) is vit v_4(nol.l.’) ino. 
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To evaluate v_,(n./,-/,’) ;~», we utilize the relation 


> 
} [ Rro'to’| Hi, —_ W nolo ) Roo —_ Roaoty( Hi.’ om W no’lo’ ) Rro'to’ \dr = 0, ( 34 ) 


which is an obvious consequence of the radial wave equation. If we use (15), the definition of H in 
(31), and Green's theorem, Eq. (34) becomes 


(Wno'to’ — Wrote) 1 (mole; Nobo) = (h?/ 822m) (1,’? +1,’ —1,2 —1,) 2 ne'le’ : Nolo), (35) 
with 1(m,'1,’; mol.) = J Rno’ to’ Rnoidr. By means of (35) the frequency denominator can be eliminated 
from (27) when »;=0, s= —2, and then (27) becomes 

1 _Sximdr (nolo; Molo’) 1(no'l,’ ; Melo) 8x°mr~? 


Se . —, (36) 
v Aadiun i\.. *¥ “(nd ne) h(i, +1,’ —I,2—/,) ~ AML +1!—12—L)? ‘ 


The results of the various methods are compared in Table I for some typical cases. 





TABLE I, 
“Initial | v s(Nodlolo + 1) 4R v s(nolo—lo — 1) 4R 
state | Exact Method 1 Method 2 Method 1 Method 2 
3d | —0.4175 ~ 2.3475 ~0.3450 | —0.1245 +0.0260 
4f —0.2160 —0.3725 —0.189 — 0.0807 — 0.0726 
5g 


— 0.1660 —0.1975 —0.151 —0.1010 —0.0995 








Here R denotes the usual Rydberg constant. The minus signs mean that we are dealing with nega- 
tive or absorption frequencies, i.e., that the final or summed states usually have higher energy than 
the given initial state. All the numerical entries in Table I relate only to Al II, as they are inclusive 
of the contribution »; of the inner electron to the total frequency, and use has been made of the 
explicit value — v;=0.491R appropriate to Al IT, i.e., the value of v(3s; 3p) of AL III. In Table II we 
give the corresponding values of our other centroids which we have defined in such a way that they 
are exclusive of any contribution of the inner electron and which therefore, apply to any one electron 
system for which the given state n/ can be treated by means of hydrogenic wave functions. The 
states n'l’+1 need not be hydrogenic, as they do not appear in the right sides of (33) or (36); this is 
fortunate, since /—1 usually has much more quantum defect than /. 


TABLE II. 
— ; 

Initial v4? (nl—l') / RZ? v_4(nl—l’);29/ RZ? vo (nl—-l’) / RZ? “First Line’ /RZ* 

state ’—-l=+1 l’'—-l=—-1 +] —] +1 —| +1 —1 
ls - - . — 1.500 —0.750 
2p — 1.00 +0.5000 — 0.1666 +-0.0333 —0.1389 +-(). 750 
3d — 2.225 —0.000 | —0,.2225 +0.1483 —0.0555 +0.0238 | — 0.0486 +0.1389 
4f —0.250 +0.0418 — 0.0665 +0.0499 — (0.0250 +-0.0143 —0.0225 +0, oee4 
5g —0.075 +0.0214 —0.0285 +0.0228 —0.0133 +0.0085 —0.0122 +0.0 

Our immediate interest is only in v_,; the values of ve are for later use. Values marked in- 


dicate that the corresponding centroids do not exist, due to divergence of the integrals for mean 
values of negative powers of r for sufficiently small /. The values in the columns labelled ‘‘first line” 
are the frequencies of the lowest members of the series emanating from the given initial state, i.e., 
v(1s; 2p), v(2p; 3d), etc. for the columns under /'—/= +1, and »(2p; 1s), etc., for the columns under 
l’—l=—1. It is seen that with />2 centroids v_4(nJ,-1,—1);.9 and v_,4'(n,J,l,—1) are nearly 
equal to each other and to the “‘first line.”” This means that practically all the contribution to the 
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summation involved in the definition of the centroid comes from the first line. For this reason it 
has not seemed worth while to use the exact method of calculating the centroids v_, in the case 
|'—l= —1. The situation is quite different for //—/= +1 as both v_,(nl—1+1);.9 and v_,4™(nl/1+1) 
are usually in the continuous region, and the discrepancy between the methods is considerable, 
showing that there is a large ‘‘dispersion”’ or ‘“‘spread’’ among the important frequencies. The absence 
of asharp maximum for the case 3d-f, is also clear from the graph of the squares of the elements of 
1/r in the continuous region given in Fig. 2 of the preceding paper. Method 1 always furnishes an 
upper limit in absolute magnitude when all of the frequency denominators in the sum have the same 
sign, as is always true in our applications. This upper limit is too high to be of any great value 
when the spread in important frequencies is large, as in the case /’—]=1, s = —2. Method 2 furnishes 
a lower limit in absolute magnitude if none of the important terms involve positive values of »,; this 
condition is met if /’—/= +1. The reason that method 2 is then low is that terms for which », is small 
are weighted very heavily in (27) when »;=0." 

It is believed that our methods of computing centroid frequencies may be useful for other prob- 
lems besides the particular one which we are considering. Method 2, unlike 1, is peculiar to s= —2. 

Very often one is interested in calculating centroids defined by (29) rather than (27), as in many 
problems the frequency originally appears in the numerator rather than the denominator. In this 
case no series expansion is necessary, and the centroid may be evaluated accurately, since (33) is 
an exact expression for (29). The case s=1, is particularly common, as the centroid ve(n,l.—/,+1) 
is the mean absorption frequency for the transitions nl—n’l+1. The procedure involved in (29-33) 
can easily be used to obtain formulas given by Wigner and by Kramers, Jonker and Koopmans'® for 
the number of dispersion electrons f_, f; =1—f_, associated respectively with the totality of transi- 
tions /’—/= —1 and /'—/= +1 emanating from a given state. The f’s are connected with the centroids 
defined in (29) by the relation 


—(h? 8x?m) fe => n' v(nl; n'l+1) z(nl: n’l+1) 2=[(1+}+}) 3(214+-1) Jve"? (nll +1)r?(nl; nl). (37) 


The bracketed factor in the final form of (37) arises from the integration over the angular coordinates 
and expresses the apportionment of cos? 6 between /’=/—1 and /’=1+-1 as discussed at the end of 
Section II. Instead of giving the f's it is illuminating to compute some of the corresponding centroids 
vo". This has been done in the preceding table. It is seen that when /’—/=-+1, the centroid v2 
nearly coincides with the first line of the series, while the higher members are important when 


l'—1= —1. There is thus an interesting contrast between the behavior of positive and negative powers 
of r, since the table shows that the exact opposite is true for the negative case s = — 2, where the first 
line is predominant for /’—/= —1 rather than /’—/= +1. 


IV. Tue *G Terms or Av II; NUMBER OF DISPERSION ELECTRONS FOR 3s—3p oF AL III 
AND Si IV 


The G terms of Al II furnish a case where all the approximations underlying (26), though not 
the more customary formula (1) or (24), are very nearly fulfilled. Penetration effects, including ex- 
change, and the quadrupole correction to be discussed in Section VI, account for only five percent 
of the quantum defect. Allowance for this displacement due to penetration and quadrupole 


% This difficulty can sometimes easily be avoided by 
evaluating explicitly the terms in the summation (27) for 
which vo is particularly small, and which usually correspond 
to low ordinal numbers for the primed state. The effect 
of the remaining terms in the sum may then be calculated 
approximately by adaptation of method 2. If three terms 
are thus segregated for exact treatment, the values 0.345, 
0.189, 0.151 in the table are raised to 0.400, 0.215, 0.164 
respectively, or almost the exact values. Unfortunately 


this method of improving method 2 is easily feasible only 
for the case n=/+1, and so we do not mention it further. 
In the general case n>/+-1, the contribution of the first 
few terms is relatively much less important than when 
n=l+-1, and an appreciable improvement is secured only 
if an unduly large number of terms is segregated. 

'® E. Wigner, Phys. Zeits. 32, 450 (1932); H. A. Kramers, 
C. C. Jonker and T. Koopmans, Zeits. f. Physik 80, 178 
(1933). 
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Fic. 1. 3sng *G series of Al II. Curve I gives the theo- 
retical upper limit, Curve II the observed values, and III 
the theoretical lower limit for the quantum defect as a 
function of the principal quantum number n. The dashed 
curve is obtained if one uses (1) rather than (26) in the 
theoretical calculations and adjusts @ to give perfect 
agreement with experiment at m=5. Eq. (26) is much more 
rigorous than (1) but unfortunately only the limits can be 
readily calculated for the centroids involved in (26) 
except when n=5, 


terms has, nevertheless, been made in all calcula- 
tions reported in the present section, including 
Fig. 1, and makes the values of a@ five percent 
lower than they would have been otherwise. 

The magnitude of @ for Al III may be calcu- 
lated from (26) and the empirical value of W— W, 
for the term 3s5g*°G of Al II. We thus obtain 
a=2.03X10-* in c.g.s. units. Unfortunately 
3s5g *G falls in an inconvenient spectral region 
and so has not been observed directly and in this 
calculation we have taken the empirical value of 
this term to be 17,678 cm™', an estimate which 
is obtained by Sawyer and Paschen" by a Ritz 
extrapolation from the known positions of 
6g--+-13g and which is doubtless sufficiently pre- 
cise for our purposes. The exact value of the 
centroid v_4(5g-h) has been’ used, while 
v_4(5g—f) has been obtained by method 1, which, 
as stated in the preceding section, is a sufficiently 
good approximation when /,’—/,= —1. For con- 
venience, we use spectroscopic notation for the 
arguments of the centroids where possible, writ- 
ing v(nl—l’), for instance, as v(5g—h) when 
n=l'=5, |=4. 

Analogous calculations can also be made from 
the 5g term of Si III. Here we find v_4(5g-f) 


17 R. A Sawyer and F. Paschen, Ann. d. Physik 84, 1 
(1927) 


AND B <s. 


WHITELAW 


=0.461R v_4(5g—h) =1.005R. 
39,831 cm™' for the spectroscopic value of the 5g 
term of Si II] rather than 39,741 as usually given, 
since at the end of the present section we shal] 
present what we consider convincing evidence 
that the series limit has been incorrectly esti- 
mated by A. Fowler'* and that in consequence 
the term values given in Bacher and Goudsmit 
for Si III.should all be raised 90+20 cm~'. Eq, 
(26) then gives a=1.0710~*. Had (24) been 
used in place of (26), the values of a would have 
been 1.8810-*4 and 1.06 10-* for Al IIT and 
Si IV, respectively. It is purely accidental that 
the values of a are so nearly the same with (24) 
and (26), as the two centroids in (26) are smaller 
and larger than v;, but happen to counterbalance 
to make the bracketed factor in (26) nearly 
(21+ 1) /v;. 

Since we have assumed (cf. Eq. (25)) that all 
the polarization of Al III or of Si IV arises from 
the resonance line 3s—3p), the value of @ is con- 
nected with the number of dispersion electrons 
fssap for this line by the relation 


and We use 


fas3p =40?map;,’, e?. (38) 


This furnishes a new method of estimating the 
number of dispersion electrons. The results are 
given in Table III under the columns labelled 


TABLE III. Number of dispersion electrons for 3s—3p. 








Confl. 





hyper. 
wave McDougall’s 
Eq. (38) functions functions 
Al Ill 0.83 0.94 
Si lV 0.89 


0.80+0.05 (0.55) 0.75 





Eq. (38). The value in parenthesis is that which 
would have been obtained had the series limit 
for Si III not been revised. For purposes of com- 
parison we have also included values calculated 
by quadrature from the wave functions by the 
relation 


foexp = (82?mvi/h)[ frR3.R3,dr }?. (39) 


4 


To obtain proper wave functions one may use 
the well-known confluent hypergeometric de- 
velopment," as the field over the outer portion of 


18 A. Fowler, Phil. Trans. Roy. Soc. A225, 1 (1925). 
19 Whittaker and Watson, Modern Analysis, Chap. XVI. 


inn 
de 


for 


Rs, 


wil 
3p 
slo 
the 
Sla 


col 


for 
cec 
val 
pa| 
gré 


mt 
ne 
mc 
as 

iza 
str 
up 
are 


ind 
tra 
2p 
tra 
sig 
(cf. 
Th 
tha 
reg 
she 


am 


the 


tra 


QUANTUM DEFECT OF 
the orbit is approximately Coulomb, while the 
inner portion contributes but little to (39). This 
development yields the following wave functions 
for Al III 


Rs, = 1.69e—!-#47x?-°5(1 —.780x-'+-+++)ao-! (40) 


(41) 


Rsp= 1.305 (x*e—!-38* — 14.5x%e—5*)aq—!, 


with x=r/a., a,=h’/47r°e’m. In the case of the 
3p state the hypergeometric series converges only 
slowly and so we have approximated the series by 
the sum of two exponentials, somewhat in the 
Slater fashion.2? The Hartree wave method 
could, of course, also have been used. For Al III, 
no Hartree calculations have been published, but 
for Si IV functions are found by the Hartree pro- 
cedure in an article by McDougall." Numerical 
values of the functions are not tabulated in this 
paper, but they may be estimated from the 
graphs. 

Since the total number of dispersion electrons 
must sum to unity,” the value of f,3, must be 
nearly unity if the resonance line is by far the 
most important absorption line of the atom-core, 
as assumed in (25) and (38). Some of the polar- 
ization arises from the higher members so that, 
strictly speaking, Eq. (38) furnishes only an 
upper limit to fs,3,. Actually, the values of fs,3, 
are so nearly unity that the error due to the effect 
of the higher series members is not important. 
This is true because @ and f involve the frequency 
in the denominator and numerator respectively, 
so that the higher series members are weighted 
much less in @ than in f (cf. (24) and (39), or the 


7. C. Slater, Phys. Rev. 42, 33 (1932). 

* McDougall, Proc. Roy. Soc. A138, 550 (1933). 

“Strictly speaking, one can apply the f-sum rule to an 
individual electron, as we are doing, only if we include the 
transitions from 3s to all the p states, including the state 
2p which already has its full quota of electrons. The 
transition 3s— 2p under such circumstances has no physical 
significance but is needed for mathematical completeness 
(cf. Kramers and Kronig, Zeits. f. Physik 48, 174 (1928)). 
This transition has such a sign for its frequency factor 
that it makes a negative contribution to f. Thus when we 
regard this transition as a physical impossibility the f-sum 
should be greater than unity. However, the 2p state is so 
firmly bound that this transition has an exceedingly small 
amplitude and so makes only a quite small contribution to 
the f-sum when it is included. (Cf. Y. Sugiura, Phil. Mag. 
4, 495 (1927).) Consequently no serious error is committed 
in saving that the f-sum is unity without including the 
transition to 2p. 
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factor v* in (38)). To illustrate this point, let us 
as an extreme case assume that all of the f-sum 
not due to fs,3, is due to fs.4>, making fs,4, =0.20 
in Si IV. Since v3.4, is about three times v; = v3.3», 
then 3s —4p contributes only about 2 percent of a 
even though it contributes 20 percent of the 
f-sum. In reality, much of the residual 20 percent 
probably arises from 3s—5p, 3s —6p, rather than 
solely from 3s — 4p, as f decreases slowly after the 
first line; if so the contribution of the higher mem- 
bers to a may be even less than the preceding 
estimate. 

Besides our polarization method and _ the 
method of wave functions, still another way of 
calculating the number of dispersion electrons is 
from absorption intensities. Unfortunately no 
proper intensity measurements are available for 
Al III or Si IV. It is hard to estimate the com- 
parative accuracy of the different methods, but 
we feel that the polarization method is fully as 
accurate as the others when the series limit has 
been carefully determined, as in Al IT. In view of 
the effect of higher members discussed in the pre- 
ceding paragraph, the polarization values of fs.3, 
should perhaps be reduced to 0.81 and 0.78 for 
Al III and Si IV, respectively; but the other 
methods, in our opinion, usually involve more 
error than 2 percent.** In connection with the 
wave method, it must be remembered that the 
right side of (39) is very sensitive to the location 
of the nodes of the wave functions, and the con- 
fluent development is a good approximation only 
for extremely large r, while on the other hand the 


23 The value of @ by the polarization method will tend 
to be high if there are any other causes of quantum defect 
which we have overlooked. Possibly, for instance, there 
may be some polarization of the K and L shells, which 
we have neglected. One might, for instance, try to correct 
for the K and L polarization by assuming that its effect 
is given by (1) if we use the values of a for Al IV and Si V 
respectively determined from the quantum defects of the 
g terms of Al III and Si IV. The result for Si is meaningless, 
as the 5g term of Si [V has 4 <0, perhaps due to improper 
evaluation of the series limit. With this procedure one 
would, however, conclude that our estimate f;,3, for Al III 
should again be reduced by 0.02. This reduction may 
easily be excessive as the polarization of the K and L shells 
by the 5g electron will be considerably weakened by the 
presence of the 3s electron. This electron is repelled by 
the 5g one, and tends to drag the K and L shells along 
with it because of its proximity, so that these shells are 
sucked towards the 5g electron much less than otherwise. 
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McDougall functions do not give exactly the 
right characteristic values for the energy and so 
are inaccurate for very large r. 

Higher members of the G series of Al II. After a 
has been determined from the observed 3s5g 
term by use of exact centroids, one may reverse 
the procedure and employ (26) to compute the 
departures of the higher series members 3s6g, 
3s7g, «++ from hydrogenic character. Upper and 
lower limits for W—W,, are obtained according 
as one uses method 2 or method 1 to evaluate the 
centroid v_4(mg—h); it matters little which 
method is used for v_4(ng-f). 

The experimental values are between the 
upper and lower limits, as one would expect. This 
is shown graphically in Fig. 1. Instead of plotting 
W — W., against the ordinal number, we plot the 
quantum defect A defined by W= — RZ?/(n—A)?, 
as this scheme of graphing is more sensitive in 
illustrating departures from the too simple Ryd- 
berg formula A=constant. The irregularity in 
the observed values for m= 11, 12 is probably ex- 
perimental error and not a perturbation, as 
experimental precision is difficult for large n. For 
comparison we also show as the dashed curve in 
Fig. 1 the theoretical result which would have 
obtained had Eq. (1) or (24) between used rather 
than (26), with @ adjusted so as to give perfect 
agreement for 3s5g. The dashed curve does not 
give a rapid enough increase of A with m to agree 
with experiment. On the other hand both the 
upper and lower limits based on (26) give a more 
rapid increase than the dashed curve. The 
physical significance of this is that both experi- 
mentally and theoretically the variation of the 
centroids with m is much as to make the bracketed 
factor of (26) increase in magnitude with n. 

Series limit of Si III. The conventional series 
limit for Al II is doubtless correct to 1 cm~! or 
better, as it is based on a long series. In Si IIT, 
however, only the first two members 3s5g, 3s6g 
are known for the G series. The series limit was 
determined by A. Fowler by assuming that these 
two terms conform to the Rydberg formula 
A=constant. Fig. 1 shows that this supposition 
is clearly incorrect, since in the analogous case of 
Al II there is both theoretically and experimen- 
tally a marked increase of A with nm. We have 
therefore redetermined the series limit so as to 
make the ratio A;,/As, have the theoretical value 
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which is obtained by employing method 1 to 
evaluate the centroid »v(mg—f), and method 2 for 
v(ng—h). This procedure corresponds to the 
upper limit in Fig. 1, but it is probable that the 
percentage error due to use of these approximate 
methods is nearly the same for m= 5 and n = 6 and 
so largely cancels in the ratio. We thus find that 
Fowler's series limit should be raised 90 cm: 
this estimate is perhaps accurate to 20 cm~. Had 
(1) been used rather than (26), the increase 
would have been 50 instead of 90. An indepen- 
dent check on our revised series limit is furnished 
by the fact that we have seen that it makes (38) 
yield a reasonable value for f3,3,, whereas without 
the revision the value was unreasonably low. 


V. Tue *F Terms or At II 


These are the terms whose multiplet structure 
has been studied in the preceding paper.** They 
are amenable to fewer of the approximations 
basic to the usual polarization formula (1) than 
are the *G terms, and so, quite irrespective of the 
multiplet anomaly, are interesting because they 
illustrate how Eq. (1) must be modified in com- 
plicated cases. In Al II, the matrix elements 
H (3snf;3p3d) are so big as to be comparable with 
hv (3snf; 3p3d) contrary to the usual assumption 
(12) of perturbation theory. The situation is par- 
ticularly marked in the vicinity of n=6. Hence 
the ordinary perturbation formula (11) cannot be 
used insofar as [/(3snf; 3p3d) is concerned. In- 
stead the influence of 363d *F upon 3snf *F must 
be handled by means of a secular determinant 
which does not require the amount of perturba- 
tion to be small, and which has been exhibited in 
the preceding paper. On the other hand, in that 
paper, the interaction of 3snf*F with 3pn'd*F 
(n’>3) and with 3pn’g*F was not regarded as a 
perturbation, and the displacement of 3snf*F 
due to such interaction was considered to be in- 
the 
energy, represented by the diagonal elements 
II(nn)+o,,‘” in the notation there used. Our 
problem is now to calculate the magnitude of this 


cluded in unperturbed portion of _ the 


displacement and hence the proper “‘unperturbed 
levels” for use in the secular problem of the pre- 
ceding paper. This calculation can be effected by 
the usual (11), 


**N. G. Whitelaw, Phys. Rev. 44, 544 (1933). 
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3pn'd *F (n'>3), and 3pn'g *F are remote enough 
from 3snf*F (at least for n<10) to warrant the 
assumption (12). 

To calculate the displacement in energy exclu- 
sive of the influence of 3p3d we must modify (26) 
by replacing 

1, /v_4(nJ,—-l,—1) 
by 
L.(1 — yn) /v_a(n dl, — 1). 
Here 


Vn = |r ?(nf; 3d) */r-*(4f; 4f), (42) 


and v_,4(n.l,/,—1)s3 is the centroid which is 
obtained by deletion of the term (mf; 3d) in (27).*° 
Eq. (26) then yields a displacement 308 cm~! for 
3s4f*°F. In this calculation the “exact value 
(0.863 R has been used for the centroid v_,(4f—g), 
while v_4(4f-d).; has been given the approxi- 
mate value 1.82R, determined by method 1, with 
proper deletions. To the above displacement due 
to polarization we must add that due to penetra- 
tion, which is much larger than it was for the G 
terms. By means of (8), (9), (10) and (40), one 
finds that the displacement due to penetration is 
129 cm~. There is also a rather large quadrupole 
correction, which will be given in the next sec- 
tion, and which amounts to about 65 cm™'. Thus, 
exclusive of the perturbation by 3p3d, the total 
displacement should be about 502 cm™'. The 
agreement is gratifying with the value 469 cm“ 
found in the preceding paper, which is presum- 
ably fairly accurate since the multiplet anomaly 
was found to be very sensitive to the value as- 
sumed for the location of 3s4f*F before perturba- 
tion by 3p3d. Had (1) been used rather than 
(26), the calculated value would be 725 rather 
than 502 cm™ and all agreement would be de- 
stroyed; in other words, the F and G series will 
not yield consistent results in their polarization 
behavior unless allowance is made for the fact 
that the centroids are not identical with »;. 
Higher series members. Analogous methods may 
also be used to calculate the displacements of the 
higher series members 3s5f, 3s6f,—exclusive of 
the perturbation by 33d. As in the preceding 
section, the centroids are not evaluated accu- 
rately for n>/+-1. The centroid v_4(/,-/, — 1) 





% In calculating v_4(./.—~l,—1)s3 by means of (27) it 
is to be understood that (1—~y,)r~4 is to be substituted for 
rin (27), as y, is the fractional amount of (17) consumed 
by the transition (nf; 3d) when s= —2. 
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can be calculated, to be sure, with sufficient ac- 
curacy by method 1, but methods 1 and 2 provide 
upper and lower limits to v_4(/.—/,+1). Some 
of the numerical values of the centroids, and of 
y, defined by (42) are shown in Table IV. For 
purposes of comparison, we tabulate »(nf—d) 
both with and without the needed deletion. 


TABLE IV. 
4f 5f of 7f &/ of 
Yn 0.982 0.824 0.744 0.702 0.678 0.660 
va? (nf—d) +; 0.323R 0.277R 0.254R 0.241R 0.233R 0.227R 
via) (nf—d)>3+; 1.84 0.612 0.537 0.508 0.495 0.484 
val? (4fmmg) + 1.49 1.768 1.905 1.985 2.034 2.065 
vialdfmeg)ie+yj 0.756 0.788 6.806 0.816 0.823 0.828 


To the quantum defect calculated from the 
modified form of (26), we must add the correc- 
tions for penetration and for ‘‘quadrupolariza- 
bility.” The penetration effect was assumed to 
conform to the Ritz formula so that the value 
129 cm™ calculated for 3s4f*F can immediately 
be extrapolated to higher series members. As in 
the dipole case, only upper and lower limits can 
be calculated for the quadrupole corrections by 
analogous methods to be explained in the next 
section. The results are shown graphically in 
Fig. 2. 

Our calculations are of a lower order of accu- 
racy for the *F than for the *G terms, and this is 
reflected by the wide divergence between the 
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Fic. 2. 3snf*F series of Al II. As in Fig. 1, curves I, I], and 
Ill represent respectively the theoretical upper limit, 
observed values, and theoretical lower limit for the 
quantum defect. Curves I’, III’ are similar to I, III except 
that I’, III’ are exclusive of the quadrupole correction. In 
all cases only the portion of the quantum defect not due to 
perturbation by 33d is considered. The ‘‘observed"’ 
values are furnished by the Ritz formula obtained in the 
preceding paper from the multiplet anomaly. 
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various curves in Fig. 2. The decreased accuracy 
is due to a variety of causes. First the divergence 
between the different methods of locating cen- 
troids is wider; second, the quadrupole correction 
which is more difficult to determine accurately 
than dipole contributions, is much larger than in 
the case of the G terms. Then finally, the sexta 
and higher order poles are probably not entirely 
negligible although they undoubtedly are insig- 
nificant in the G case. One can easily see that the 
octapole correction, which we have not included 
reduces materially, because of exchange effects, 
the perturbation by 3pn’g *F, just as we shall show 
in the next section that quadrupole effects reduce 
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the intensity of the perturbation by 3pn’'d *F, 
and that furthermore this correction is more im- 
portant for large values of m. This perhaps ex- 
plains why the upper limits in Fig. 2 are too 
steep and not as close to the observed points as 
the lower limits, for the octapole correction 
would thus lower and flatten the curves. In any 
case we may safely conclude that the empirical 
and presumably fairly accurate Ritz formula for 
the positions of 3snf*F before perturbation by 
3p3d, which was obtained in the previous paper 
by means of the multiplet anomaly, agrees with 
the present theoretical calculations within the 
latter's limits of error. 





VI. THe Errect oF ELECTRON EXCHANGE AND OF QUADRUPOLE TERMS 


In order to derive our basic formula (26), we had to assume that in (11) we could replace 
H=H,+HL_ by H, and could take //;=H;=--- =0, i.e., that we could neglect electron exchange 
and could disregard ‘‘quadrupole”’ and higher order terms. We did, to be sure, include an electron 
exchange term (10) in (8), but (8) is only a ‘‘zeroth approximation” which neglects polarization. In 
the present section we shall consider the modifications resulting from removal of these restrictions. 

From the nature of the expansion (6) and the properties of 
show that 


spherical harmonics one can easily 


Hy. (nid nd; ni'li'no'l,’) =0 unless |/;—/,;’| = |1,—1,’| =1; (43) 
H,_(nd nd.; nil;'n,'l,') =0 unless |/;—/,’| = |1,—1,'| =1; (44) 
He,(nib ind; ni'l;'n,'l,’) =0 unless /;—/;' =0,2, (1,—1,’| =0, 2; (45) 
HTe_(nil nd,; nj'l;'n,'l,’) =0 unless |/;—/,’ =0,2, ({l,—1,’| =0, 2. (46) 


Eq. (44) shows that electron exchange does not enter in the dipole perturbation of states having 
1,;=0,1,>2, such as, for example the states 3snf*F and 3sng *G whose polarization we have examined 
in detail. Also neither type of quadrupole term (45-46) gives any interaction between 3sngG states 
and the states 3pn’f G and 3pn’h G which are involved in the dipole perturbation of 3sng G, or between 
3snf F and 3pn’g F. (We omit superscript from F or G when we mean both singlet and triplet.) On the 
other hand, nonvanishing quadrupole exchange terms do exist between msnf F and 3pn'd F, so that in 
reality we must use the full expression 


IT (3snf; 3pn'd) =11,,(3snf; 3pn'd) + He_(3snf; 3pn'd) (47) 


rather than just the first term. The upper and lower sign is to be used in (47) according as we are 
dealing with 'F or *F. 

Dipole-quadrupole cross terms. Since (11) involves the squares of matrix elements, and _ since 
H=H,+H2,+---, it is clear that when there are simultaneously nonvanishing dipole and quadrupole 
elements connecting the same pair of states, the quadrupole effect will first influence the energy 
through terms of the order //,//2, which we shall call “‘dipole-quadrupole”’ cross terms. Otherwise 
this effect will first manifest itself in terms of the order //,?, which we shall call ‘‘pure quadrupole 
terms,” and which are usually smaller than the cross terms, since ordinarily JI, << I, 
terms are an exchange phenomenon, since (43-46) show that //,,, He, 


. The cross 
can never connect the same 
pair of states, nor can //,_, H,_. From the preceding paragraph it is seen that the only case where the 
dipole-quadrupole cross effect enters in our calculations on F and G states is in the perturbation of 
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3snf F by 3pn'd F. By far the most important perturbation of this type is that due by the first mem- 
ber 3p3d. One can easily convince oneself that //,,(3snf; 3p3d) has the same sign as //2_(3snf;3p3d). 
Hence the matrix elements connecting 3snf and 33d should be smaller for *F than for 'F terms, as in 
the latter case the upper rather than lower sign is to be used in (47). In the next section we shall 
show that actually these elements are considerably smaller for the triplets than for the singlets. The 
cross effect also has an appreciable effect in reducing the interaction (3snf; 3pn'd) for n’ >3. In con- 
structing the upper limit I in Fig. 2 we have utilized only the pure quadrupole correction exclusive of 
the cross term, and so have not allowed for this reducing action. In drawing the lower limit III we 
have assumed that the cross effect reduces H/(3snf *F; 3pn'd *F) (n’ >3) in the same ratio as that be- 
tween the empirical matrix element //(3snf *F; 3p3d *F) determined from the preceding paper and the 
theoretical value of //,,(3snf *F; 3p3d *F). The relative importance of the higher members n’ >3 in 
the type of perturbation (3snf; 3pn'd) increases with n, as the table in Section V shows that y, de- 
fined by (42) decreases with n. Hence it is not surprising that the curve I in Fig. 2 which neglects 
the cross effect and so overestimates [/(3snf *F; 3pn'd *F)(n'>3) slopes upwards too much and so 
gives increasing divergence from the observed A for large n. 

Pure quadrupole terms. The pure quadrupole effect has been computed by J. and M. Mayer* under 
the assumption that the influence of the outer electron on the frequency denominators is negligible. 
They thus obtained an expression for the quadrupole energy which is the analogue of Eq. (1) for the 
dipole energy. They neglected electron exchange and hence had no cross terms, so that their expres- 
sions for the dipole and quadrupole displacements were additive. Actually, it seems to us that it is 
necessary to investigate electron exchange if one desires a quantitatively accurate quadrupole correc- 
tion. In the alkali case considered in the Mayer paper the quadrupole effects were so small that 
probably no serious error was incurred by the omission of exchange, but with two electron systems, 
these effects are by no means negligible (cf. Fig. 2) and so it seems desirable to compute the quadru- 
pole correction as accurately as possible without undue labor. We shall now give a formula for the 
pure quadrupole correction AW, which includes modulation of the frequency denominators by the 
outer electron, and which represents the same sort of improvement over the Mayer formula that 
(26) did over (1): 


AW ,= ri 


a 1 | 2(1,7+1,)(21,+1) a] 
. (48) 
10 r.° (41.2 —1)(21,4+-3) 


+ + 
hv_«(nl,—l, +2) 3hv_¢(nl,—l,) hv_¢(nl,—l, — 2) 


Here the centroids are defined as in (27), except that v; now has the significance v(3s; 3d) rather than 
(3s; 3p) of Al III, etc. Auxiliary calculations show that practically all the quadrupole absorption 
intensity of the form A/; = 2 for the atom-core is located in the first member. These calculations con- 
sisted in showing that vo‘ (3s—d), as defined by (29), differs but little from »(3s; 3d), or, alternatively, 
that r*(3s; 3d) *is almost as great as r;4(3s; 3s). We have assumed, aselsewhere, that the inner electron 
is initially in an s state; because of this, it can be shown that the quadrupole matrix elements involving 
l;’—1;=0 vanish, even though this is not required by (45, 46). Thus (48) is constructed entirely from 
interaction of the form /;’—/; = 2, but the three parts of (48) represent the three possibilities /,’—/, = 2, 
0, —2 for the outer electron. We omit the details of the derivation of (48). The method is similar to 
that used in the proof of (28), but the spatial averaging is considerably more complicated than in 
the dipole case (21). 

In the part //—2 of (48), one readily calculates that the centroid is nearly the same as the 
“first line.’’ Hence in the application of (48) to 3snf F and 3sng G states, most of the quadrupole 
interaction involved in /—/—2 comes from the perturbation by 3d2p F and 3d? G respectively. 
Now it is impossible for an electron to make a transition to a 2p state, since the L shell in Al 
has the full Pauli quota of electrons. Hence no perturbation of the type (3snf; 3d2p) is possible 
when the wave functions are made antisymmetric in all the electrons of the atom, as such a per- 
turbation would necessitate a configuration 2p’. Furthermore the configuration 3d? admits only a 
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'G and not a °G state according to the Pauli 
principle and so cannot possibly perturb any °G 
state. Analytically this is expressed in the fact 
that (//o,;+He_)(3sng; 3d?) vanishes with the 
lower choice of sign. Hence in applying (48) to 
'F, °F or 8G states we must omit entirely the term 
of structure />/—2. If we applied (48) to a 'G 
state we should, on the other hand, double this 
term. Such an effect tends to make the 'G terms 
deeper than the *G. Actually the singlet-triplet 
separation of the G terms of Al II is so minute 
(<0.2 cm for n>5)* that the lines 'F —'G have 
usually been mistaken for intersystem combina- 
tions 'F—*G. The small separation is undoubt- 
edly due to a cancellation of this quadrupole 
effect by the usual exchange separation which is 
given by twice the expression (10) and which 
tends to depress the triplets below the singlets. 
It would be very difficult to make the theoretical 
calculations with sufficient accuracy to show that 
the cancellation is as exact as observed experi- 
mentally. Rough calculations yield a value 
175/n* cm™ for (10) and —375/n' for the last 
term of (48). The latter estimate of the quadru- 
pole effect is, however, surely too large in magni- 
tude, as (48) is based on the approximation (13) 
which is not here allowable and which exaggerates 
this effect. Namely, it is not at all accurate to 
consider one electron as always inferior to the 
other, since in the final configuration 3d? both 
electrons are on a par, though in the initial state 
3sng the separation into an inner and outer elec- 
tron is quite complete. The resulting error may 
easily be enough to account for a discrepancy by 
a factor 2; it cannot be determined accurately 
until more is known about 3d? wave functions. 
The same objection, incidentally, does not apply 
to our use of the other terms /-/, /+2 of (48), 
as here the inner-outer distinction is pronounced 
in both the initial and final states. 

Method 1, applied now to v_¢ rather than 
v_4, has been used to evaluate the centroid 
v_¢(nl,—l,+ 2) in (48) for the quadrupole correc- 
tion in the ‘“‘lower limit’’ curve III of Fig. 2. The 
value of this centroid furnished by method 1 is 
doubtless unduly large. An adaptation of method 
2 furnishes a better procedure, which we have 
used in the ‘‘upper limit” I in Fig. 2, as well as in 





26 Cf. S. Goudsmit and R. F. Bacher, Phys. Rev. 43, 
894 (1933). 


our calculations of the quadrupole corrections 
for G terms and in our attempted exact calcula- 
tion for 3s4f *F, indicated by the cross in Fig, 2, 
The adaptation consists in writing the product 
involved in the matrix multiplication as r-* xr 
rather than the actual r~*Xr~*. Then (35) may 
be used; otherwise the requisite sum cannot be 
directly evaluated in closed form. The substitu- 
tion of r-*Xr~ for r-*Xr- probably does not 
introduce serious error, as the ‘‘tapering off"’ of 
r~5(nl; n'l+-2) with increasing n’ is intermediate 
between that involved in r-?(nl;n'l+2) and 
r“(nl;n'l+2). To illustrate this point one may 
make calculations by method 1 both with and 
without the substitution; namely with r+ xr° 
rather than r~* Xr~° there is only the difference 
in (33) that s* is replaced by s*?—1 in the first 
factor. Method 2 cannot be adapted to the case 
l,—/,, as (35) becomes a trivial identity 0=0 
when /,=/,’. In this case, method 1 gives an ex- 
cessively large centroid and so in all our calcula- 
tions, including both upper and lower limits, we 
have used as the value of v_¢(ml—/) the expression 
vi(3s; 3d) +kv_«™ (nll) where k is so determined 
as to make p;(3s; 3p) +kv_,™ (nl/+-1) equal the 
“exact value of v_,(ml—nl+-1).”” As the quadru- 
pole corrections are not the major cause of quan- 
tum defect, it has not seemed worth while to make 
exact calculations of v_s by the rather labori- 
ous explicit calculation of the matrix elements 
involved as individual terms in the sum (27). 

One point is of particular interest. The usual 
development in higher and higher poles, i-e., 
consideration first of dipoles, then quadrupoles, 
etc., would converge very poorly indeed were it 
not for increases in some of the centroids and for 
the blocking off of certain interactions by the ex- 
clusion principle. Also one must abandon the ap- 
proximation (13), which greatly exaggerates the 
effect of the higher poles. For instance, if one 
used the Mayer formulas which do not include 
any of these alleviating modifications, the quad- 
rupole perturbation of 3snf*F would be 43 per- 
cent of the dipole perturbation exclusive of the 
influence of 3p3d *F. The poor convergence is due 
to the fact that 7;4>(r?2)?, r,*>(r, 4)! so that 
r/ro° is not necessarily small compared to r2/ro', 
even though r;<<r,. Even with the helpful 
modifications, the convergence in the F case is 
only moderate. 
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VII. Tue 'F anp 'D Series or At II; LANGER’s PERTURBATION FORMULA 


The lower members of the 'F series are less severely perturbed than *F terms, simply because 
3p3d 'F is more remote than 3p3d *F. Hence the perturbing effect of the former on 3snf'!F may be 
treated by the usual series formula (11) and the displacements of the 3snf '!F terms from hydrogenic 
values should be given by the formula 
(Nhs + He_) (3snf; 3p3d) |? 


W-W,=Aw+— — ———+2H3_(3snf; 3snf) (49) 
hv(3snf' F; 3p3d' F) 





where AW denotes the displacement of 3snf *F, exclusive of the perturbation by 3p3d'F. The last 
term in(49) arises in connection with the zeroth approximation (8-9-10), and it represents the differ- 
ence in the penetration effect for singlets and triplets, which is usually considered to be the main 
cause of the singlet-triplet separation, as, for example, in Heisenberg’s’ calculations on helium. In our 
case, however, the diversity in the perturbation by 33d is a more important factor. The perturba- 
tions by other configurations are either so small or so similar that in (49) we have not considered them 
to be different for the singlets and triplets.” 

The position of 3p3d 'F is unknown spectroscopically, but it may be located approximately by the 
following considerations. Let 


[(11,+He_)(3snf; 3p3d) ]}? =k P20 (is, —He_) (3snf; 3p3d) }?. (50) 


The factor in brackets on the right side of (50), as well as the magnitude of AW in (49), is known 
from the secular problem of the preceding paper. (This factor is //(17) in the notation there employed. ) 
It is true that the secular problem extended only to n=9, but the Ritz formula given for AW may be 
extended without difficulty to n>9, while the values of the right bracketed factor in (51) for n>9 
may be determined from the observed positions of 3snf*F (n>9) by the use of the perturbation 
formula (11) rather than by the secular method, since with n >9 the difficulty of excessive perturba- 
tions does not occur acutely. The last term of (49) can be computed from (10) and (40). Hence if, in 
addition, we substitute (50) and observed values of AW in (49) we obtain a relation in which &, and 
W(3p3d 'F), involved through v, are the only unknowns and from which the former can be deter- 
mined with any assumed value of the latter. There is one such relation for each value of n. Now k,, 
should vary only slowly with n, tending to increase with m for small ”, and approach asymptotically a 
constant value at large m. This is because r~*(3pnf)/r-*(3dnf) increases with n, approaching a finite 
nonvanishing limit at m= «. The value of k, is fairly sensitive to the value assumed for W(3p3d 'F) 
which is consequently roughly determined by the requirement that a reasonable sequence of values 
be obtained for ky, ks, «++. It is thus estimated that 3p3d 'F is between — 5000 and — 15,000 cm. The 
minus sign indicates that the term is beyond the usual series limit corresponding to the configuration 
3s of Al III. Another way of reaching essentially the same result on the location of 3p3d 'F is to make 
use of the fact that | (//\,+//2_)(3p3d; 3snf)|? should vary asymptotically as n-* when n is large. 
This asymptotic characteristic of matrix elements of the form f(r) has been proved by Hartree* and is 
simply a statement of the continuity of their squares when normalized with respect to the energy W, 
as dW =2RZ*dn/n*. The graph of H/.*?Xn' as a function of m is shown in Fig. 3 for 3snf *F, and for 
3snf 'F with two assumed locations for 3p3d 'F. It is seen that the points are rather irregular, espe- 








27 We thus neglect the dipole-quadrupole effect in the 
perturbation by the states 3pm'd(m’>3) but our calcula- 
tions of the position of 3p3d'F are not refined enough to 
make this an important source of error. Also it is at least 
partially counterbalanced by an error opposite sign due 
to our disregard of the different location of 3pn’d'F and 
3pn'd*F(n’>3). The greater remoteness of the former 


weakens the singlet perturbation, whereas the cross effect 
intensifies it. 

28D. R. Hartree, Proc. Cambridge Phil. Soc. 24, 436 
(1928). He considers explicitly only the matrix elements 
of r, but his methods apply equally well to any power of r. 
There is no discontinuity at W=0 when the squares of 
the discrete and continuous elements are each weighted 
according to the energy interval which they represent. 
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Fic. 3. This figure is to illustrate the near constancy of the product of into the squares of 
the perturbing matrix elements, and the larger magnitude of these elements for the singlets 
than the triplets. The points @ and X apply to the singlet elements H(3p3d 'F; 3snf'F) and are 
deduced under the assumption that 33d 'F is located at 10,000 and 8000 cm™, respectively, 
beyond the series limit. The points O are for the triplet elements H(3p3d *F; 3snf*F). The solid 
curves are simply attempts to smooth out the irregularities. 


cially for large values on n. This is partly doubtless because of experimental error, as precision on quan- 
tum defect is difficult when m is large, and is partly because of the approximate nature of the calcula- 
tions. When » is very large, in the case of the F series of Al-II, the perturbations are not negligible 
compared with the separation between consecutive term members. Under such conditions, the use of 
perturbation series developments is not a particularly good approximation, as higher powers of H 
than considered in (11) ought to be retained. This might cause some systematic error, but probably 
should not cause irregularities. 

According to (26), the mean }[//(3snf *F; 3p3d *F)+ H(3snf 'F; 3p3d 'F)] of the singlet and trip- 
let interaction, which we shall abbreviate to =}[{H(*F)+H('F)] should have the significance 
H},.(3snf; 3p3d) which simplifies to” 


4" (3snf; 3p3d) = (3avie/14)'r,-?(3d; nf) (51) 


provided we make the approximation (13), i.e., provided we overlook the fact that the outer electron 
is sometimes nearer the nucleus than the inner one. A comparison of the two expressions for various 
values of is given in Table V. The values in the last row are those empirically derived from observed 











TABLE V. 
n= 4 5 6 7 8 9 
(3avje*/ 14) 'r-2(3dnf) 4780 3323 2470 1940 1573 1313 
4(H(@F)+H(F)), 3820 2830 2030 1600 1287 1080 








displacements, as in Fig. 3, under the assumption that 3p3d 'F is located at — 8000 cm~'. If the posi- 
tion — 10,000 cm, for instance, were taken instead, these values would be raised slightly. The agree- 
ment can be improved if one takes account of the fact that (13) is not accurately fulfilled. Calcula- 
tions by means of the approximate wave functions (40) indicate that /,,(3s4f;3p3d) should be 
about nine percent lower than //,,’(3s4f; 3p3d). We have throughout assumed hydrogenic wave 
functions for the 3d and 4f states. Actually there is an appreciable penetration in the 3d state, and 
this tends to make r~*(3dnf) smaller than the hydrogenic value, about ten percent less according to 


One proves (51) by substituting (21) in (14) and explicitly as a sum by substitution of (27) in (26) and 
using the definition of @ given in (24) with the simplifica- then compare the terms in (11) and (26) representing 
tion (25). An alternative method is to write out (26) perturbation by the same state. 
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provisional calculations made with a confluent development for 3d. With /1,,(3snf; 3p3d) nineteen 
_ percent less than the tabulated hydrogenic value of (51), the agreement between the theoretical and 
‘empirical values of 3[H(?F)+H(‘F)] is very good. 

The difference }[H('F)—H(*F)], should have the significance H,»_(3snf; 3p3d) or 


H_' = 3er?2(3s3d)r,—*(3pnf)/(175)! 


if one makes the approximation (13).*° A comparison of theoretical and experimental values is here 
difficult because //2_ is an exchange term which is extremely sensitive to the location of the nodes 
of the inner wave functions, and the difference between H7,_ and H2_’, unlike that between 7,, and 
H,,’, is enormous. For instance, if we assume that 3p3d'F is located at — 8000 cm the empirical 
value of 3{H('F)—H(*F)], is 870 cm™, while with the wave functions (39), the values of 
Hy’ (3snf;3p3d) and H,s_(3snf; 3p3d) are respectively 2910, 470 cm~!. Not much significance, however, 
should be attached to the theoretical in distinction to empirical calculations of ${/7('F)—H(*F)),, 
as any deviations of the 3d wave functions from hydrogenic character affect the results enormously. 

The 'D series was treated by Pincherle in Al II and by Bacher in Mg I,*' so we need only men- 
tion how its behavior correlates with the general perturbation scheme. The important point is that 
here the exchange effect enters even in the dipole approximation //,, or in another language, there are 
dipole-dipole cross terms. This is particularly manifest in the fact that the configuration 3p* give rise 
only to a 'D and not to a *D teim, and so is capable of exerting a dipole perturbation on only the 
singlet terms of 3snd. 

Langer’s formula. Langer® has suggested the formula 


RZ?/([n—A+a/(W,,— W;) }?=RZ?/(n—A)?—2¢RZ?/n*(W,— Wi) +--- (52) 


for the representation of ‘‘perturbed”’ terms disturbed by a state of energy W;. We here give the more 
special of two formulas mentioned by Langer, which is the one tested by Shenstone and Russell.** 
Langer also gives an obviously more general formula in which ¢@ is replaced by an undetermined func- 
tion o, of o, but such a formula is too ambiguous to be especially useful. Langer does not give the 
proof of (52). From our preceding analysis of the 'F terms, however, which serves by way of illustra- 
tion, it is clear that the conditions under which (52) should hold theoretically are (a) that the per- 
turbing term be far enough away that one can use (11) and (b) that the ordinal number be high enough 
so that one can assume that the squares of the matrix elements of interaction are proportional to n~*, 
The common occurrence of deviations from (52) in the immediate vicinity of the perturbing member or 
for small » has been noted by Shenstone and Russell, although they find that otherwise (52) fits re- 
markably well. Just such exceptions are obviously to be expected. 

In summary, the polarization effects are much more complicated in two electron spectra than can 
be represented by the simple formula (1). It is thus not surprising that Schrédinger™ found that with 
(1) different series lead to discordant results on a, especially since the centroids in (26) vary con- 
siderably from series to series. 


——— 


* This formula for H,_’ can be established by the ® R. Langer, Phys. Rev. 35, 649 (1930). 


second method given in note 29, with, of course, the % A. G. Shenstone and H. N. Russell, Phys. Rev. 39, 
understanding that (48) is used rather than (26). 415 (1932). 


"LL. Pincherle, Atti, della Acc. Lincei 16, 35 (1932); 4 E. Schrédinger, Ann. d. Physik 77, 43 (1925). 
R. F. Bacher, Phys. Rev. 43, 264 (1933). 
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The Nuclear Spin of Li’ from Hyperfine Structure Data 


NEWTON M. Gray, Department of Physics, New York University, University Heights 
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Theoretical patterns for the 5485(1s2s *S—1s2p *P) line 
of Li Il have been calculated assuming nuclear spin values 
of 3/2, 2 and 5/2 in units of h/27. Comparison of experi- 
mental measurements of Schiiler and of Granath confirm 
the previously accepted value of 1=3/2 for the spin of Li’. 


It is also shown that 1«=5/2 can be excluded and that i=2 
is quite improbable. The calculation follows the method 
used by Giittinger and Pauli and includes the 6 percent 
correction for the effect of the 2s electron worked out by 
Breit and Doermann. 





KNOWLEDGE of the nuclear angular 

momenta and magnetic moments is es- 
sential for the formation of a theory of nuclei. 
One of the methods available at present for 
obtaining this information is the study of the 
hyperfine structure (hfs) of the spectral lines. 

The A(5485) (152s *S—1s2p *P) line of Li II is 
of special interest because the electronic con- 
figurations are sufficiently simple to make pos- 
sible absolute calculations of the nuclear mag- 
netic moment. Its hfs has been investigated 
experimentally by Schiiler' and by Granath.’ 
Giittinger® and Giittinger and Pauli‘ having 
compared theoretical calculations for 1=3/2 
with Schiiler’s measurements conclude that 
either the spin of Li® is zero or that it has 
a small magnetic moment, and that the spin of 
Li’ is 3/2. 

The work of Giittinger involves the assumption 
that the interaction between the nuclear mag- 
netic field and the external electrons takes place 
only through the more closely bound s electron, 
and does not take into account the fact that the 
gross multiplet structure and the hfs are of the 
same order of magnitude. The effect of the 
latter is considered by Giittinger and Pauli. 


'H. Schiiler, Zeits. f. Physik 42, 487 (1927); 66, 432 
(1930). 

?L. P. Granath, Phys. Rev. 36, 
(1932). 

3 P, Giittinger, Zeits. f. Physik 64, 749 (1930). 

‘P. Giittinger and W. Pauli, Zeits. f. Physik 67, 743 
(1931). 


1018 (1930); 42, 44 


For the <=2 and the 1=3/2 the agreement 
between experiment and a theory like Giittinger’s 
is such that one cannot be sure that it could not 
be improved upon by considering perturbations 
between hyperfine levels having the same f as 
was done by Giittinger and Pauli for 7=3/2. 
For this reason Giittinger and Pauli’s conclusion 
about the spin of Li? was not considered to be 
conclusive. Heretofore no calculations have 
been published considering both these pertur- 
bations and the 6 percent correctign in the 
coupling factor for the S state due to the 2s 
electron.® 

Granath's measurements on the interval ratio 
of the 4S level indicate directly that the spin of 
Li’ is 3/2. Since only a very few exact measure- 
ments of the interval have been made so far it 
was felt that the theory should be compared 
with experiment as accurately as possible for the 
’P levels also. 

The present paper takes into account the 
perturbations of Giittinger and Pauli as well as 
the interaction of both electrons with the nuclear 
magnetic field for the S state. The spins 7 = 3/2, 2, 
5/2 are considered so that a more satisfactory 
decision concerning the spin of the Li’ nucleus 
can be made. 

Nonrelativistically, the interaction energy be- 
tween an electron and the nucleus may be taken 
to be® (see end of paper for definition of symbols). 


5(. Breit and F. W. 
(1930). 


Doermann, Phys. Rev. 36, 1732 
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NUCLEAR SPIN 


(e/mc) (Ly) 1 hec/2r 


peer mere ance - 
1+(E—mc*+eA,) /2mc? r E+mc?+eA,| 


OF Li? 571 
(uS) 3(rS) (ry) | 
a ee 
(hec/2r)e\& (uS) (rS) (ry) | 
? « +. (1) 


(FE+mc?+eA,y)?l 2r? 2r' 


The last term matters only for s electrons in which case the first two terms may be neglected. For 
non-s electrons the last term vanishes and the first two survive. 

For two electrons we consider the interaction energy to be a sum of two parts //,'+//2' one for each 
electron. According to Breit and Doermann this interaction energy leads to the following expression 
for the energy differences if we neglect perturbations between terms with the same f and different /: 


AW =(A/2)(f(f+1) -i(8+ 1) —J(G4+1)] 


where - 


A (#S;) = (82/3)(1+6)[g(0) uo? 


1840 WW, (0)2, 


A(*P,) =[(42/3).(0)?+2(r-*) , ]e(i)uo?/ 1840, 


A(*P2) = [ (4r/3)y,(0)?+ 


Here 1+¢€=1.06. € is due to the 2s electron. 





(r-*), is an average of r-* over the motion of the p 
electron. The terms in (r~*) are relatively small in 
these formulas amounting, according to approxi- 
mate estimates, to 2 percent and 1 percent of 
A(*P,) and A(8P.), respectively. They arise from 
the first two terms in Eq. (1). We suppose there- 
fore that these terms in Eq. (1) may be neglected 
also for the calculation of nondiagonal elements. 
This approximation amounts qualitatively to 
neglecting the interaction of the p electron with 
the nuclear magnetic field. 

According to the calculations of Breit® for the 
*P state and of Breit and Doermann!® for the *S 
state the antisymmetric coordinate functions can 
be represented sufficiently well by y1.(1)p2.(2) 
—¥i.(2)~o,(1) for the S state and by ¥1,(1)~2,(2) 
—¥i.(2)~eo,(1) for the *P state where y, is 
practically the same in both cases. Qualitatively 
this is due to the smallness of the screening due to 
the 2s and 2p electrons. Thus these calculations 
give the ratio of the hfs splittings of the 4S, *P,, 
*P, terms which would exist if the hfs were small 
compared with the gross structure. For the *P 
terms this amounts to knowing the diagonal 
terms of the matrix for //'’=//,'+J/.' in a 
representation with L?, S’, J’, F*, F, diagonal in 
terms of the hfs splitting of *S. 

The calculations of Giittinger and Pauli may 
be looked at as determining the ratios of the 


*G. Breit, Phys. Rev. 36, 385 (1930). 





(4/5) (1-4) , Je(a) uo? / 1840. 


nondiagonal elements of //' for the *P level to the 
diagonal ones as long as the interaction may be 
replaced by A(Is) where s is the total spin 
vector. These nondiagonal elements are labeled 
with the same F* but different J*. Supposing for 
the moment that one can justify the replacement 
by A(Is), where A is a suitably chosen constant, 
we may look at A as being determined for *P 
by the calculations of Breit and of Breit and 
Doermann in terms of A (°S;) by the requirement 
that the diagonal elements should have the ratios 
found by them. This requirement can be ex- 
pressed by simple formulas making use of the 
fact that the diagonal elements of BI, where B is 
any matrix vector involving only electronic 
variables, are given by (A /2)[ f(f+1)—j(j+1) 
—i(i+1)] where A =(BJ);/j(j+1). For B=As 
we have A=A[j(j+1)+s(s+1) —l(l4+1) ]/2j(j 
+1). For the *P terms s=/ and A =A/2. For the 
*S terms similarly A=A. 

The use of A(Is) instead of the complete 
perturbation function may be justified by making 
use of; (a) the smallness of the coupling of the p 
electron to the nuclear magnetic field, (b) the 
spherical symmetry of the orbital functions of the 
s electron, (c) the Russell-Saunders coupling for 
the configurations dealt with. It follows from (a) 
that the operations due to //’ on the eigenfunc- 
tions of the p electron may be set equal to zero 
and the matrix elements can involve only the 
properties of radial functions of the s electron 
functions. Making use of (c) it is found by direct 
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calculation that any operator D,s;+ Des. may be 
replaced by (1/2)(D:+Dz2)(si+s2). This reduces 
the part (us)/r? of the third term of Eq. (1) 
directly to the form [f(71) +f(r2) JI(si+se) which 
leads to the form A(Is) on performing radial 
integrations. Finally by using (b) the terms 
(rs)(ru)/r* of the third term of Eq. (1) reduce to 
the same result. Thus in our calculations for the 
3P states we take the interaction energy due to 
the nuclear magnetic field to be H’=A(Is), A 
= (4r/3)y,(0)?g (2) uo?/ 1840 and consider g(i)y,(0)? 
to be determined by (A4S)). 

Following the method of Giittinger and Pauli 
the *P term is now discussed taking into account 
simultaneously its multiplet and hyperfine struc- 
tures. The representation in which L’, S’, J’, F’, 
F, are diagonal is used. The part of the Hamil- 
tonian which does not involve the nuclear spin is 
then diagonal also. Its values for different j are 
called F(j). Only the differences in the values of 
F(0O), F(1), F(2) are of interest to us, and they 
are directly obtainable from the Li® isotope. The 
part of the matrix of the whole Hamiltonian 
which involves the *P levels may thus be taken to 
be = F(j)+A(Is). We take F(0)=0 and using 
the data of Schiiler on Li® we have F(1) = —5.15 
cm-' and F(2)=—3.05 cm~'. For A we use 
Granath’s measurements on the components (1), 
(2), (3). These are due to transitions from *P» to 
3S, and give directly the intervals of *S,. Granath’s 


TABLE II. Frequencies v and relative intensities I for complete patterns. 
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measurements give an interval ratio for *S which 
agrees with <=3/2. For 1#3/2 we obtain two 
possible values of A depending on whether we 
use his (1), (3) or (2), (3) interval. The values of 
A are given in Table I. 


TABLE I. The numerical values of the coupling factor A, 


From AW‘(1, 3) 





From AW(2, 3) 








= 1.06 cm™! =0.66 cm” 
¢= 1 0.333 cm™! 0.313 cm” 
¢=3/2 0.250 0.250 
¢=2 0.200 0.208 
¢=5/2 0.167 0.179 





The energies, frequencies, etc., may be com- 
puted approximately neglecting the effect of the 
matrix elements of // which are not diagonal in j. 
In this case we call them ‘“‘unperturbed.”’ If the 
calculations are made accurately, i.e., if the 
nondiagonal elements of // are taken into account 
all the quantities will be called “perturbed” 
because the perturbations between levels with 
different j7 are taken into account. The calcu- 
lations are very similar to those of Giittinger and 
Pauli. The results are given in Table II. 

The frequencies in Tables II and III should be 
increased by 18,200 cm“. 

It is seen from Table II that the calculation 
of Goudsmit and Inglis’ showing that the 


7S. Goudsmit and D. R. Inglis, Phys. Rev. 37, 328 
(1931). 

















| ¢=1 i =3/2 | i=2 i=5/2 
Unper- | Unper- Per Per- | Unper- Per- Per- 
turbed | turbed turbed turbed turbed turbed turbed 
1 =0.333 Per- |A =0.200 A =0.200 A =0.208 |A =0.167 1 =0.167 A =0.179 
cm™~! turbed em! cm cm™~ } em! cm™ cm” 
from A =0.250 from from from | from from from 
AW (1, 3) cm~! AW (1, 3) AW (1, 3) AW (2, 3) AW(1, 3) AW(1, 3) AW(2,3 
vem IT vem" ZI vem J vem" J vem IT |} ycm= J vycem™ I vy cm™ I 
c 31.31 0.67 31.31 0.79 (3) 31.31 1.20 31.31 0.96 31.31 0.94 (3) 31.31 1.33 31.31 1.06 31.31 1.04 (3) 
b 30.96 2.00 30.91 1.78 (2) 30.89 2.00 30.89 1.87 30.88 1.79 (2) | 30.87 2.00 30.87 1.84 30.84 1.82 2 
a 30.25 3.33 30.25 3.42 (1) 30.25 2.80 30.25 3.22 30.22 3.26 (1) 30.25 2.67 30.25 3.11 30.18 3.16 () 
‘ 27.76 3.33 27.89 1.83 27.96 2.10 27.96 1.44 27.95 1.41 } 28.01 1.87 28.02 1.22 27.99 1.18 
t 27.74 7.50 27.81 5.03 > (4) | 27.84 5.60 27.85 4.41 27.84 4.36¢ (4) 27.86 5.14 27.87 4.03 27.84 3.98 - (4) 
1 27.68 2.36) 27.76 2.70 27.75 2.41 27.72 2.40) 27.80 2.80 27.79 2.42 27.75 2.40 
t | 27.66 1.20 27.63 1.20 27.60 1.20 27.68 2.00 27.59 2.00 27.60 2.00 
d | 27.53 14.00 27.55 12.00 | (s 27.60 10.80 27.57 10.80 27.55 10.80 > (5) 27.62 10.00 27.65 10.00) 27.5 10.00 5) 
h | 27.41 2.50 27.49 3.65 j ) | 27.54 3.50 27.54 3.87 27.52 3.90) | 27.57 3.66 27.58 3.97 27.52 4.00 
k 27.28 0.64} (€ 27.34 0.90 27.32 1.19 27.29 1.21) 27.36 1.20 27.35 1.55 27.28 1.60 
© 27.03 2.50 27.15 3.98 f ) | 27.20 2.80 27.21 3.99 27.18 4.03' (6) 27.24 2.86 27.25 3.99 27.18 4.08, (6) 
Rg 26.70 O17 26.83 0.53 26.90 0.40 26.90 0.67 26.86 0.69 26.95 0.48 26.96 0.78 26.86 0.80 
q 25.99 2.00 25.94 3.39 26.06 2.70 25.96 3.59 25.95 3.64 26.08 2.80 25.98 3.69 25.95 3.75 
n 25.98 2.50 25.88 3.98 (8) 25.94 2.80 25.86 3.99 25.86 4.03 > (8) 25.93 2.86 25.92 3.93 25.83 4.03 >- 8 
s 25.81 0.63 25.86 0.90 25.81 1.19 25.79 1.21 25.87 1.20 25.82 1.56 25.79 1.60 
Pp , 25.64 1.50 25.54 0.58 | 25.64 0.50 25.54 0.30 25.52 0.31} 13 25.64 0.34 25.54 O.18 25.48 0.17 
ry | 25.48 2.00 25.41 2.37 (13) 25.44 2.70 25.39 2.42 25.36 2.40f ‘°°’ 25.43 2.80 25.38 2.42 25.32 2.40 13) 
m | 25.27 7.50 25.22 5.02 9) | 25.30 5.60 25.23 4.41 25.20 4.36 (9) 25.31 5.14 25.30 4.03 25.1 3.94 9) 
o | 24.93 2.50 24.88 2.03 (10) 25.00 2.80 24.90 2.09 24.86 2.67 (10) 25.02 2.86 24.92 2.10 24.82 2.03 10) 
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TABLE III. Schiiler’s experimental data and theoretical ‘unresolved’ patterns. 














= ——————— ——— ——— — — 
Schiiler's exp. § =3/2 §=2 i=5/2 
A =0.200 A =0.208 A =0.167 A =0.179 
cm”! cm! cm cm 
1 =0.250 from from from from 
cm™ AW‘ 1, 3) A4W(2, 3) AW (1, 3) 4W (2, 3) 
vem! I »cm~! I ycm~! yom I vycm~ I vycm~! 
(1) 31.31 0.9 31.31 0.79 31.31 0.96 31.31 0.94 31.31 1.06 31.31 1.04 
(2) 30.91 1.8 30.91 1.78 30.89 1.87 30.88 1.79 30.87 1.84 30.84 1.82 
(3) 39.26 3.3 30.25 3.42 30.25 3.22 30.22 3.26 30.25 3.11 30.18 3.16 
(4) 27.74 11.1 27.79 9.22 27.84 8.30 27.82 8.17 27.84 7.67 27.84 7.56 
(5) 27.52 20.1 27.54 15.65 27.57 15.87 27.56 15.90 27.60 15.97 27.54 16.00 
(6) 27.17 3.5 27.17 4.62 27.19 5.81 27.15 5.93 27.28 5.54 27.21 5.68 
(8) 25.91 11.8 25.90 8.00 25.89 8.72 25.89 8.88 25.93 9.18 25.87 9.38 
(13) 25.46 2.4 25.41 2.37 25.41 2.72 25.38 2.71 25.38 2.42 25.32 2.40 
(9) 25.25 6.5 25.22 5.02 25.21 4.44 25.20 4.36 25.30 4.03 25.17 3.94 
(10) 24.93 1.8 24.88 2.03 24.90 2.09 24.86 2.07 24.92 2.10 24.82 2.03 




















perturbations have only a small effect on the 
frequencies is verified. 

Since the experimental pattern is not com- 
pletely resolved it is necessary to construct a 
theoretical ‘‘unresolved”’ pattern. This has been 
done for ‘‘perturbed’’ patterns only. The in- 
tensity of an ‘‘unresolved”’ line is taken to be the 
sum of the intensities of its components. The 
frequency is taken as the center of gravity of the 
frequencies of its components, each component 
being weighted in proportion to its intensity. In 
Table II the lines that are thus combined are 
included in brackets. Schiiler’s experimental data 
and the theoretical ‘‘unresolved”’ patterns are 
given in Table III. 

It is seen from this table that on the whole 
experiment agrees best with the theoretical 
pattern for i=3/2. This is already indicated by 
the interval ratio of the (1), (2), (3) group. It is 
also possible to use the distance between com- 
ponent (3) and the (4), (5), (6) group as a test. 
Schiiler’s measurements agree best with calcu- 
lations for i=3/2. A check on this was obtained 
by measuring one of Granath’s Lummer plate 
patterns. The results are Av(3, 4) =2.46+0.08 
em™', Av(3, 5) =2.75+0.09 cm™', Av(3, 6) =3.11 
+0.10 cm~'. The indicated errors are intended to 
represent the maximum deviations due to errors 
in the comparator settings and readings. With 
reference to Table III it is seen that Granath and 
Schiiler agree very well except for the (3), (4) 
interval for which Granath’s measurements agree 
best with the theory for i= 3/2. Schiiler remarks 
that his measurements of the positions of (4) are 
subject to some error and that it should probably 


be farther from (5). This would improve the 
agreement with theory and with Granath’s 
measurements. The (3), (5) interval was also 
measured on one of Granath’s Fabry-Perot plates 
and was found to be 2.74+0.11 cm™'. These 
measurements are in good agreement with i= 3/2; 
they rule out the possibility of z=5/2 and show 
that 1=2 is improbable. 

The experimental intensities attributed to 
Schiiler are taken from a graph in his 1930 
article. The intensities thus obtained cannot be 
considered accurate and should be used for rough 
comparison only. 

According to Schiiler component (6) is a few 
percent stronger than component (3). This gives 
no information about the spin since it is true for 
all the theoretical ‘‘perturbed’’ patterns con- 
sidered. 

Component (8) is estimated by Schiiler to be 
30 percent stronger than (9). Theoretically (8) 
should have an intensity approximately 1.6 times 
that of (9) for i=3/2. For «=2 and 5/2 (8) is 
even stronger than (9) relatively. Presumably 
Schiiler’s statement that (8) is 30 percent 
stronger than (9) means that the intensity of (9) 
is 0.70 times that of (8) which would be in rough 
agreement with theory and with Schiiler’s Fig. 1 
in his 1930 paper. 

A series of Schiiler’s measurements gives for 
the ratio of the intensity of component (3) to (2) 
the value J(3)/J(2) =1.91. A second series gives 
1.98. He says that these are to be taken as 
minimum values. 

The theoretical values for the intensity ratio 
J(3)/J(2) are 1.93 for i=3/2; 1.72 and 1.82 for 
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i=2; and 1.69 and 1.74 for i=5/2. If we assume 
that the 3.7 percent difference in Schiiler’s two 
values is the maximum percentage error of his 
measurements then both 1=2 and i=5,/2 are 
ruled out and agreement is good for 1=3,/2. Too 
much weight should not be given to this agree- 
ment in view of the difficulties in intensity 
measurements. 

Casimir after considering perturbations in the 
hfs of Hg observed by Schiiler and Jones’ 
concludes that the scalar product (is) represents 
the magnetic interaction of the nucleus with the 
external electrons satisfactorily for the diagonal 
elements but not satisfactorily for the non- 
diagonal elements. Goudsmit and Bacher" in 
considering the same perturbations find that the 
magnitude of the nondiagonal elements is in good 
accord with the cosine law and show that 
deviations between theory and experiment dealt 
with by Casimir are most probably due to 
insufficient experimental accuracy. 

The agreement found here for Li is also 
essentially due to the cosine nature of the 
interaction as well as to the fact that the 
interaction is mainly due to the s electron. The 
cosine character is responsible for the correct 
ratios of splittings of the *S, *P,, *P» levels and it 


8H. Casimir, Zeits. f. Physik 77, 811 (1932). 

*H. Schiiler and E. G. Jones, Zeits. f. Physik 77, 801 
(1932). 

1S. Goudsmit and R. F. Bacher, Phys. Rev. 43, 894 
(1933). 


M. GRAY 


is seen that the ratio of the nondiagonal terms to 
the diagonal ones must also be given approxi- 
mately correctly by the cosine law. This together 
with Granath’s results on the intervals between 
(1), (2), (3) indicates strongly that the inter- 
action is of the cosine type. 

Taking the spin to be 3/2 the effective nuclear 
magnetic moment and nuclear g value for Li’ are 
those obtained by Granath since his data were 
used to calculate the theoretical patterns. Thus 
the effective magnetic moment of the Li’ 
nucleus is 3.3 in terms of the ‘‘theoretical” 
magnetic moment of a proton, and the nuclear g 
value is 2.2. 

It is a pleasure to acknowledge the kind 
assistance of Professor G. Breit. 


DEFINITIONS OF SYMBOLS 


f, j, 1, s, 7. Fine, inner, azimuthal; electronic spin, 
nuclear spin quantum numbers. 

F, J, L, S, I. Corresponding operators. 

—e. Charge on an electron. 

u. Nuclear magnetic moment. 

Ao. Electrostatic potential due to the nucleus. 

r. Distance of an electron from nucleus. 

&. Electric intensity of the nuclear field. 

uo. Bohr magneton. 

g(t). Ratio of magnetic moment and angular mo- 
mentum of the nucleus. 

y,(0)*. Probability of finding an s electron in a unit 
volume at the nucleus. 

¥i,(1) etc. Coordinate part of wave function for 1: 
electron number 1. 
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The Heats of Dissociation of Hydrogen and Nitrogen 
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A method previously described has been employed to 
determine the heats of dissociation of the normal molecule 
and the molecular ion for H; and N2. A new apparatus has 
been constructed of tantalum, which eliminates previous 
difficulties, believed due to contact potentials. As previ- 
ously shown, electrons passing through diatomic gases are 
able to produce atomic ions possessing kinetic energies of 
several volts. Simultaneous measurements of the electron 


INTRODUCTION 


PROBLEM which has interested physical 

scientists for many years has been the 
determination of heats of dissociation of diatomic 
molecules; i.e., the energy requisite to separate 
the normal molecule into unexcited atoms. Of the 
many different methods of attack the following 
are examples: thermochemical methods, band 
spectral extrapolations of vibration levels, sensi- 
tized fluorescence, absorption spectra, predis- 
sociation and electron bombardment. While some 
heats of dissociation, such as those of He, O»2 and 
the halogens are known with considerable accu- 
racy, for most molecules the results of various 
methods are neither precise nor in good agree- 
ment. 

At one time attempts were made to interpret 
the energy losses of electrons in diatomic gases in 
terms of heats of dissociation.! This was however 
unsuccessful and with the formulation of the 
Franck-Condon principle? it was immediately 
seen why this was not generally possible. On the 
basis of previous quantum mechanical calcu- 


* National Research Fellow. 

'K. T. Compton and F. L. Mohler, Critical Potentials, 
Nat. Res. Council Bull., p. 117 (1924). 

? J. Franck, Trans. Far. Soc. 21, 536 (1925) and Zeits. f. 
physik. Chemie 120, 144 (1926); E. U. Condon, Phys. Rev. 
28, 1182 (1926) and 32, 858 (1928). 

*E. U. Condon, Phys. Rev. 35, 658A (1930). See also 
E. U. Condon and H. D. Smyth, Proc. Nat. Acad. Sci. 14, 
871 (1928) for an earlier comparison of theory and ex- 
periment. 


energy necessary to produce atomic ions and the kinetic 
energy of the ions permit the determination of the heats of 
dissociation. The values obtained are D(H,*) =2.59+0.03 v, 
D(H) =4.43+0.03 v, D(N,*) =6.73+0.02 v, D(N:) =7.90 
+0.02 v. It is concluded that these results are free from 
systematic errors to +0.1 v. A critical comparison of these 
data is made with the results of other methods, mainly 
spectroscopic. 


lations, Condon*® drew up in 1930 a set of pre- 
dictions of the products of ionization of He by 
electron impact. These predictions were strikingly 
verified by Bleakney‘ using a mass-spectrograph. 

Among these predictions was the one that H* 
ions should be formed with kinetic energies of 
several volts. To test the detailed theoretical 
predictions concerning these, an apparatus was 
built by the writer.® Within the precision of the 
apparatus these were completely verified. Later, 
it was shown® how the heats of dissociation of CO 
and Ne could be determined from a study by 
using this type of apparatus. The procedure can 
briefly be reviewed as follows. One measures the 
minimum kinetic energy of the bombarding 
electrons, which are able to produce atomic ions; 
simultaneously the kinetic energy of the dis- 
sociating products is measured. According to the 
Franck-Condon principle the kinetic energy lost 
by the impacting electron is converted into 
potential energy of the molecule, which finds 
itself in an unstable state and immediately 
dissociates, part of the potential energy being 
converted into kinetic energy. Subtracting the 
kinetic energy of the dissociation products from 
the electron energy loss, there results the po- 
tential energy increase of the dissociated molecule 
with respect to the normal molecule. From 
another side this is equal to the heat of dis- 


*W. Bleakney, Phys. Rev. 35, 1180 (1930). 

5 W. Wallace Lozier, Phys. Rev. 36, 1285 (1930). 

®§ John T. Tate and W. Wallace Lozier, Phys. Rev. 39, 
254 (1932). 
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sociation of the molecule plus the ionization 
potential of the atom which is ionized plus any 
energy of excitation of the dissociation products. 
The last two quantities are accurately known 
from atomic spectra and thus allow the calcu- 
lation of the heat of dissociation. 

It must be mentioned that in the work on CO 
and Nz the precision was not altogether satis- 
factory. Furthermore, Arnot’ pointed out a 
possible disturbing effect in this work which 
could account for certain unexpected results that 
we obtained in regard to the electron affinity of 
oxygen atoms. Arnot, on the basis of some of his 
earlier work on Hg vapor® suggested that space 
charge might have built up radial potential 
gradients which invalidated our measurement of 
the kinetic energy of the ions. After reexamining 
some data taken with that apparatus, the writer 
is of the opinion that radial potential gradients 
(other than applied fields) were present but that 
these were due to contact potentials and not to 
space charge.® It must be said the older apparatus 
was constructed of copper, which in the course of 
the research passed through various stages of 
oxidation. To avoid surface effects a new appa- 
ratus was constructed of tantalum and it is 
believed the following results on He and Nz show 
that these disturbing influences have 
avoided and a satisfactory precision has been 
attained. In particular we have made tests on 
this apparatus which show that the kind of 
potential gradients mentioned by Arnot are not 
present. Our purpose in studying He is to 
determine the precision of the apparatus; for the 
heats of dissociation of Hz and H2* and the 
ionization potentials of He and H are accurately 
known. The accuracy of the result obtained 
shows that disturbing influences in this appa- 
ratus are truly negligible. 


been 


™F,. L. Arnot, Nature 129, 617 (1932). 

§F. L. Arnot, Proc. Roy. Soc. A129, 361 (1930). 

* This conclusion was based on a study of the energy 
distribution of positive molecular ions which should possess 
only thermal velocities which are of the order of a few 
hundredths of a volt. The data in one case showed a most 
probable energy of about 0.5 volt. This did not change with 
the accelerating potential of the electrons as it should if due 
to the conditions mentioned by Arnot. Tests of this kind on 
the new apparatus show a most probable energy very close 
to zero, as it should be. 
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APPARATUS 


Fig. 1 is a longitudinal cross section of the 
apparatus which is constructed entirely of 
tantalum mounted on Pyrex rods. A, B and C 
illustrate the filament assembly which is housed 
in a separate compartment exhausted by a 
separate mercury pump; this compartment is 
connected to the remainder of the apparatus by a 
0.3 mm hole in A, through which the bombarding 
electrons are admitted. Electrons are accelerated 
(12 volts) from the oxide coated cathode B, 
retarded (10 volts) from D to E, then pass 
through field free space to //,"° are accelerated by 
a variable potential between // and /, then pass 
through field free space to 7 where they are 
collected by a potential of 100 volts. 
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iG. 1, Diagram of apparatus. 


The center part of the apparatus (from // to R) 
possesses cylindrical symmetry about the line of 
the electron beam. L and are concentric sets of 
thin disks, each supported by three tantalum rods 
(not shown) spot-welded to K and J respectively. 
The cylinder O is suspended from the guard 
cylinder and shield N by Pyrex beads. The action 
of this center part is as follows. If gas molecules 
are present the electrons will produce ions in the 
region J to Q. The electrons are confined to the 
axis by a magnetic field of 150 gauss, applied by 
an external solenoid, along their direction of 
motion. However, a fraction of the ions formed 
will travel almost perpendicularly to the electron 
beam and pass between the defining disks L and 
M and reach the collector O where their currents 
are measured. By the application of suitable 


” The parallel plates FG were originally included for the 
purpose of preventing ions, by the application of a small 
cross-field, from bombarding the filament. On finding this 
precaution unnecessary FE, F, G and H were connected 
together. 
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electric fields in the intervals L-~M and O-L 
negative and positive ions can be separated and 
the kinetic energy of either can be measured. The 
entire apparatus is mounted on four Pyrex rods 
(not shown) and enclosed in a Pyrex tube 
without stopcocks or wax joints. The whole can 
be baked out at 450°C. 

The ion currents are measured by a vacuum 
tube electrometer connected to O. This electrome- 
ter is constructed of two FP-54 tubes arranged 
according to the circuit described by DuBridge." 
It is used at a voltage sensitivity of 20,000 
mm/volt. All the data shown here were taken by 
the rate of drift method with which the residual 
fluctuations of the amplifier correspond to grid 
current changes of 510°" amp. 

The nitrogen was generated by the action of 
bromine on ammonia, the hydrogen electro- 
lytically. Both were purified by P.O; and liquid 
air. The gases were so admitted to the apparatus 
through a capillary leak that with the mercury 
pumps running continuously, pressures of from 
10-° to 10° mm Hg could be maintained in the 
experimental tube. Electron currents of from 
10-7 to 10°* amp. were used. 

Regarding the purity of the gases, it may be 
said that the gases generated in this same way 
have previously been analyzed by mass-spectro- 
graphs and showed no appreciable impurities. 
Therefore the writer feels certain the currents 
measured were due to Ne and He. 


PROCEDURE 


In this research we have confined ourselves to a 
determination of the minimum electron energies 
needed to form ions which can traverse definite 
retarding potentials. 

As has been shown,® the magnetic field exerts a 
stopping effect on ions. For H* and N?* it turns 
out, by using the dimensions of the apparatus and 
IT=150 gauss, that ions, which are barely able to 
traverse a retarding potential Vr and reach the 
collector O, must originally have started from the 
center of the tube with an energy Vr greater than 
Ve by 0.98 and 0.07 volt, respectively. 

The procedure was to place in the interval 
L-M 5 or 10 volts drawing out positive ions; 
connect this potential reversed to the interval 


"L. A. DuBridge, Phys. Rev. 37, 396 (1931). 
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O-L; and in addition place here any desired 
potential retarding positive ions. The current 
reaching O was studied as a function of the 
variable accelerating potential in the region //—I. 

In order to determine the voltage correction to 
the electron beam, the appearance potential of 
molecular ionization was observed. This was 
accomplished by making the above-mentioned 
retarding potential in the interval O—L one which 
accelerated positive ions toward O. 

Resistance-box potentiometers, accurate to 0.1 
percent, were used to apply the potentials and 
the voltmeters measuring the total drop across 
the potentiometers were checked at frequent 
intervals against a standard voltmeter. 

It is well to point out, before passing to a 
discussion of the results, some of the defects and 
advantages of this method. It has the advantage 
over the mass-spectrograph in that it measures 
and corrects for the kinetic energy of the 
dissociation products. It has the defect that it 
does not determine the masses of the dissociation 
products; however, it does measure the ratio of 
the masses.’ In gases so simple as Hz and Nz 
there appears little chance for error in this 
respect. This method, as well as the mass- 
spectrograph is unable to identify the state of 
excitation of the dissociated particles. Therefore, 
as will be seen in the following discussion, 
supplementary information is needed to permit 
this identification. The method does have the 
advantage that the measured energy quantity 
itself arises directly from the use of the con- 
servation principles of energy and momentum 
and does not depend on the extrapolation of 
physical regularities beyond the range of their 
known validity. 


RESULTS ON HYDROGEN 

Fig. 2 shows the results obtained with hydro- 
gen at a pressure of 510-5 mm Hg and with an 
electron current of 10-* amp. The curves show 
the current reaching the collector O as a function 
of accelerating potential for five different re- 
tarding voltages (corrected for the effect of the 
magnetic field). The inset shows the onset of 
molecular ionization. From the results of Fig. 2, 
without any knowledge of the true ionization 
potential of He, we can determine the difference 
between the appearance potential V; of the 
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Fic. 2. Curves showing the H* current, as a function of 
electron energy, which is able to traverse the indicated 
retarding potentials. The inset shows the appearance of 
H.* ionization. The open and closed circles represent data 
taken some fifteen minutes apart. 


kinetic energy ions and that of the molecular ions 
Vy. These results are given in Table I for the 
data of Fig. 2 as well as some other data not 
shown. 

Of this difference in energy a part goes into 
increase of potential energy of the molecular ion 
on dissociation, and the remainder into kinetic 
energy of the dissociation products. We have 
measured the kinetic energy of one product of 
dissociation, the ion. From the principle of 


TABLE I. Results for hydrogen. 


Minimum 
K.E. of ions V;—Vay (Vi— Vy) —2(K.E.) 
(volts) (volts) (volts) 
1.48 5.5 2.54 
1.98 6.6 2.64 
3.98 10.7 2.74 
4.48 11.6 2.64 
4.98 12.5 2.54 
4.98 12.4 2.44 
5.48 13.6 2.64 
5.98 14.5 2.54 
Average 2 


.59+0.03 
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conservation of momentum we know the dis. 
sociating partner of the ion must carry an equal 
energy; so, if we subtract twice the measured 
kinetic energy of the ion from (V;— Va) we 
should obtain the potential energy increase of the 
dissociated molecule over the normal molecular 
ion. This is shown in Table I and the value is 2.59 
volts. This measures the heat of dissociation of 
the H.* ion plus any excitation energy of the 
dissociation products. The first excited state of H 
lies at 10.14 v; thus the possibility of excitation 
is excluded and we conclude 2.59+0.03 y 
represents the heat of dissociation of He*. 

To compare with this value of 2.59+0.03 v for 
the heat of dissociation of H.*+ we have the 
quantum mechanical calculation of Burrau" 
corrected by Condon" to give 2.62+0.03 v. The 
writer believes the good agreement of these 
values furnishes a vauable check on the func- 
tioning of this apparatus and it gives confidence 
in regard to the results to be given with reference 
to Noe. 

To calculate the heat of dissociation of He we 
need the ionization potentials of molecular and 
atomic hydrogen. The second of these is well 
known to be 13.53 v. For the molecular ionization 
potential we have the spectroscopic value of 
15.37 v determined by Richardson and Davidson" 
which was subsequently substantiated when 
Bleakney'® experimentally obtained 15.37+0.03 
v. The combination of these data gives D(H, 
= 4.43+0.03 v to compare with the Richardson 
and Davidson value" of 4.46+0.04 v. According 
to Birge'’® the extrapolation of vibration levels 
gives very nearly this same value. 

It has been known that the calculated vi- 
bration constants for Hest agreed with the 
experimentally determined ones;'* but, so far as 
the writer knows this is the most accurate direct 
confirmation of the quantum mechanical calcu- 
lation of the binding energy of the H2* ion. 


2 Burrau, K. Danske Vid. Selsk. Math-fys. 7, No. 14 
(1927). 

13R. T. Birge, Proc. Nat. Acad. Sci. 14, 14 (1928). 

440, W. Richardson and P. M. Davidson, Proc. Roy. 
Soc. A123, 483 (1929) 

16 W. Bleakney, Phys. Rev. 40, 496 (1932). 

16 R, T. Birge, Molecular Spectra and Molecular Structure, 
Faraday Society, p. 713 (1929). 
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RESULTS ON NITROGEN 


In Fig. 3 are shown results for Ne corre- 
sponding to those given for He in Fig. 2. The 
pressure of nitrogen in the lower set of curves was 
about 2X10-® mm Hg while that in the upper 
was twice as great. In both cases the electron 
current was about 10°° amp. The curves show 
the appearance of Ne* ions (in the insets) and 
that of high speed ions (N*) as a function of their 
minimum energy. In the upper curve are seen 
traces of ionization below the designated appear- 
ance potentials. This was due to residual gases 
in the tube, remaining after incomplete baking 
out. This ionization remained even when the Neo 
was pumped out. Thus we can disregard this as 
it is without significance for Ne. The lower set of 
data taken some weeks earlier shows no such 
ionization. 

As in the treatment of He we can, without any 
knowledge of the ionization potential of Ne, 
calculate the voltage difference (V;— Va) be- 
tween the appearance of N* and N»* ions. This is 
given in Table II for ions of different kinetic 
energy including other data as well as those of 
Fig. 3. The quantity in the third column, as 
before, represents the potential energy increase 
of the dissociated products relative to Ne*. 

The average value is 8.62+0.02 v. For reasons 
that follow we hesitate to call this the heat of 
dissociation of N»*. It is equal to this plus any 
excitation energy of the products N* and N. 


TABLE II. Results for nitrogen. 


Minimum 
K.E. of ions Vi—Vay (Vi— Vay) —2(K.E. 
(volts) (volts) (volts) 
1.07 10.7 8.56 
10.8 &.66 
10.6 8.46 
1.27 11.1 8.56 
1.57 11.8 8.66 
11.8 8.66 
2.07 12.8 8.66 
12.7 8.56 
12.8 8.66 
2.57 13.8 8.66 
13.8 8.66 
13.8 8.66 
3.07 14.8 8.66 


Average 8.62+0.02 


-- 
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Fic. 3. Curves showing N* current, as a function of 
electron energy, which is able to traverse the indicated 
retarding potentials. The curves at the extreme left 
represent N,* ionization. The two sets of data were taken 
several weeks apart. 


To show why we believe one of the products to be 
excited it is necessary to determine the potential 
energy of the dissociated products relative to Noe. 
To do this we need the ionization potential of Ne. 
For some time the accepted value for this was 
about 16.5 v but several investigations in the last 
few years” have given results in the neighborhood 
of 15.8 v. Finally, in a careful research with a 
mass-spectrograph and argon as the calibrating 
gas Tate, Smith and Vaughan'* showed the I.P. 
of Ne to be lower than that of argon by 0.04 v 
corresponding to an ionization potential of 
15.65+0.02 v. Adding to this 8.62 v we see 
24.27+0.02 v represents the potential energy of 
the dissociation products. 

As confirmatory evidence of the correctness of 
our value 24.27 v for the potential energy of the 
dissociation products may be cited the mass- 
spectrograph measurements. The older mass- 
spectrograph measurements,'* while making no 
claim to high accuracy, concurred in a value of 24 
volts for the energy necessary to form N?* ions. 
Recently, Vaughan” has found N* ions appear- 

17 L. A. Turner and E. W. Samson, Phys. Rev. 34, 750 
(1929); A. L. Vaughan, Phys. Rev. 38, 1687 (1931); John T, 
Tate and P. T. Smith, Phys. Rev. 39, 273 (1932) 

18 John T. Tate, P. T. Smith and A. L. Vaughan, Phys. 
Rev. 43, 1054A (1933). 

19H. D. Smyth, Rev, Mod. Phys. 3, 371 (1931). 

* A. L. Vaughan, Phys. Rev. 38, 1687 (1931). In this 
work with Hg as the calibrating gas, the I.P. of Nz, was 
found to be 15.8 v. If all Vaughan’s results are lowered to 
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ing at 24.5+0.1 v. Of course, mass-spectrograph 
measurements would be expected to agree with 
our value only if N* ions are formed with a 
minimum of zero kinetic energy. From the 
discussion of Smyth!’ it seems probable that one 
can form N+ ions with zero kinetic energy by 
electron impact. It is pleasing to find Vaughan's 
value agreeing to within 0.2 v. 

If this energy represents the energy of N* and 
N (unexcited), then 24.27 — 14.48 =9.79 v repre- 
sents the heat of dissociation of Ne. There are 
several lines of evidence militating against such a 
high value. First, can be mentioned the observa- 
tions of Kaplan”! that several electronic levels of 
N2 show predissociation. Most of these occur in 
the triplet levels whose exact energy is unknown. 
However, one of these intensity irregularities 
occurs in the a 'II level at 9.3 v. Granting the 
interpretation as predissociation we can say with 
certainty that D(N.)=9.3 v. Secondly, there is 
the observation by Kaplan* of a similar irregu- 
larity in certain bands of NO occurring at an 
energy of 6.15 v which is interpreted as pre- 
dissociation and thus requires D(NO)=6.15 v. 
From the known heat of dissociation of O2 and 
certain thermochemical data” it can easily be 
shown that D(N,) =2D(NO) —3.20 v. From the 
result above we arrive at D(N.)=9.1 v. Thirdly, 
there is the work of Datta,** who studied the 
continuous absorption spectra of NO and ob- 
tained from its interpretation, combined with the 
results of thermochemical measurements, D(N2) 
=8.7 v. This was later corrected by Sutton™ to 
9.0 v. This value also can only represent an upper 
limit; for continuous absorption in general will, 
just as in the experiments described in this paper, 
produce dissociation products with kinetic energy. 
We have cited three lines of evidence which 
indicate respectively D(N2)=9.3, 9.1, 9.0 v. 
This seems to the writer to be strong evidence 
against normal dissociation products N and N* 


bring this into agreement with the new value 15.65, his 
value, 24.5 v, for N* becomes 24.35 and is in even better 
agreement with our value, 24.27 v. 

#1 J. Kaplan, Phys. Rev. 37, 1406 (1931) and 42, 97 (1932). 

22 The thermochemical data needed are 4N2+40,.+0.94 v 
—NO. See Landolt-Bérnstein, p. 1490 (1923). 

23 A. K, Datta, Nature 129, 870 (1932) and Proc. Roy. 
Soc. A138, 85 (1932). 

24T., C. Sutton, Nature 130, 132 (1932). 
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in our experiment, for we have shown this 
assumption leads to D(N2) =9.79 v. 

We must then ascertain the state of excitation 
of the dissociation products. As possibilities we 
may state that the N* ion has the following low 
levels 'D at 1.89 v and |S at 4.03 v. The N atom 
has as low-lying levels *D° at 2.37 v and *P° at 
3.56 v.75 

Let us consider again the heat of dissociation of 
N.*. If we assume our dissociation products are 
N+ (normal) and N(?D°) then D(N»*) =6.25 y, 
However if they are assumed to be N*('D) and N 
(normal), D(N2*) =6.73 v. Supplementary evi- 
dence for D(N2*) comes from band spectra. The 
negative bands of N2* (A’—X’) correspond to an 
energy difference of 3.15 in the (0, 0) band. 
Herzberg’s analysis* allows an extrapolation of 
the vibrational levels of the upper (A’) state. 
According to Herzberg the maximum value of 
D(A‘) =3.7 v with a most probable value of 
3.5 v. On the basis of observations on the general 
behavior of vibration level spacings, Birge” 
came to the conclusion D(A’) 43.9 v. But later, 
after finding a new method of treating the data— 
this method has proved very successful in the 
case of O2 and H.~. Birge** obtained D(A’) = 3.67 
estimated as accurate to 0.1 v. This gives 
D(N2*) =3.67+3.15 =6.82+0.1 v which agrees, 
within the estimated reliability, with our value of 
6.73 v obtained by assuming our dissociation 
products to be N* ('‘D) and N (normal). The 
assumption of any other excitation energy ap- 
pears to give far too low an energy of dis- 
sociation for Net. It is difficult after 
carefully considering the work of Herzberg and 
Birge to see how D(A’) can be less than 3.5 v. 
The possibility of its being a few tenths of a volt 
higher is not unreasonable. But the assumption 
that our products of dissociation are unexcited 
would lead to D(N»e*t)=8.62 v require 
D(A‘) =5.47 v. It seems extremely unlikely that 
the extrapolations of Herzberg and Birge are in 
error by 75 percent when the vibration levels 


very 


and 


25 Bacher and Goudsmit, Atomic Energy States, McGraw- 
Hill (1932). Professor A. G. Shenstone has kindly pointed 
out to me that the °S term from the configuration 2s(2p 
of N* has never been located. 

26 G. Herzberg, Ann. d. Physik 86, 189 (1928). 

27 R. T. Birge, Nature 122, 842 (1928). 

28 See reference 16, also Phys. Rev. 34, 1062 (1929). 
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themselves have been followed to 75 percent of 
the energy of the estimated convergence point. 
Therefore we conclude with some confidence that 
D(N2*) =6.73+40.02 v. 

Carrying out this interpretation, D(N2) = 15.65 
+6.73— 14.48 =7.90+0.02 v. The writer believes 
this result is free from systematic errors to 
within 0.1 v. 

A table of the older values of D(N2) is available 
in the paper of Datta.** Of these we will mention 
only a few. Kaplan* has interpreted the pre- 
dissociations in No, which we have already 
mentioned, as occurring with very little kinetic 
energy giving D(N») =9.0. Most of his work also 
rests on Sponer’s questionable determination of 
the energy of the triplet levels of Ne. Datta,”* 
whose result (9.0 v) we have already used, takes 
much the same position in regard to dissociation 
of NeO by continuous absorption. He believes 
this occurs with production of 
products of zero kinetic energy. A strong argu- 
ment against his viewpoint comes from his own 
work. The employment of his method?’ on the 
absorption spectra of SO; yielded D(O2) =5.57 v 


dissociation 


whereas it is accurately known to be 5.09 v. We 


*% A. K. Datta, Proc. Roy. Soc. A137, 367 (1932). 
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believe the early extrapolations of Birge and 
Sponer on the X level of Nez merit no comment— 
the extrapolations were far too long. 

However, the results of Birge and Herzberg on 
the N.* bands, which we have discussed above, 
have been quoted as giving for D(N2) from 9.0 to 
9.5 v depending on the value assumed for the 
1.P. of No. From the latest value for this quantity, 
15.65 v, and from Birge’s latest extrapolation for 
D(A’) there results D(N:) =7.99+0.1 v which is 
in satisfactory agreement with our value. 


CONCLUSIONS 

We have obtained D(H:)=4.43+0.03  v, 
D(H.*) =2.59+0.03 v, D(Ne) =7.90+0.02 v and 
D(N2*) =6.73+0.02 v. The probable errors have 
been calculated from the variation of the data 
according to the usual formulae. It is believed the 
results are free from systematic errors to within 
0.1 v. 

The author is glad to acknowledge his in- 
debtedness to the National Research Council for 
a grant for carrying on this work and to the 
Palmer Physical Laboratory for the generous 
facilities provided. He is also grateful to Professor 
H. D. Smyth and Dr. Walker Bleakney for their 
helpful discussions. 
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Magnetic Dipole Fields in Unsaturated Cubic Crystals 


L. W. McKEEHAN, Sloane Physics Laboratory, Yale University 
(Received July 28, 1933) 


The mean value of the randomly directed local magnetic 
field at a lattice point in each of two cubic arrays, (I) and 
(F), of equal magnetic dipoles is computed under the 
following restrictions: (a) The orientation of neighboring 
dipoles is independent. (b) The direction of each dipole 
axis is one of the easy directions of magnetization for a 
ferromagnetic metal having the array in question. (c) The 


N an infinite cubic array of parallel magnetic 

dipoles there is no difference in magnetic 
stability for different directions of magnetiza- 
tion.! In a real ferromagnetic cubic crystal 
approximating to this model, therefore, the 
coercive force should be very small. It seemed 
worth considering whether or not the relatively 
enormous coercive forces—of the order of 300 
in modern magnet steels can be due in any 
important degree to magnetic constraints on 
individual magnetic elements when the condition 
of parallelism in large domains is violently 
disturbed by intensely local agents such as foreign 
atoms in solution. The most stable configuration 
in such an array will be that in which the mag- 
netic axis of each element is as nearly as possible 
parallel to the local magnetic field, and the 
magnitude and direction of this local field may, 
as we shall see, be entirely different at adjacent 
lattice points, so that purely magnetic forces may 
prevent attainment of approximate magnetic 
saturation in magnetic fields of considerable 
intensity. 

In order to simplify the problem we suppose 
that the magnetic elements are like dipoles, and 
that the magnetic moment, P, of any selected 
dipole, points in one of the directions of easy 
magnetization characteristic of the metal, iron or 
nickel, of corresponding crystal structure. In 
array (I) these directions are of form <100>, as 
in iron, in array (F) they are of form <111>, as 
in nickel. 

! This well-known fact, among others, has recently been 
discussed in a paper, Phys. Rev. 43, 913-923 (1933), the 
notation in which will here be followed. 


mean magnetization in any group of about 2000 dipoles 
is an assigned fraction of the saturation values; viz., 0, 
0.1, 0.3, 0.5, 0.7 or 0.9. The results indicate that for 
materials wherein local constraints prevent the paralle! 
alignment of adjacent magnetic elements an important 
cause of high coercive force may be the high intensity of 
local magnetic fields. 


The rectangular field components at a lattice 
point chosen as origin due to a dipole at any other 
lattice point are easily computed. It turns out as 
a result of the restriction laid down in the last 
paragraph that the three components, 6H;,, 
arising from any one of the dipoles equidistant 
from the origin are integral multiples of a term 
depending only upon their common distance. In 
other words the field of each dipole at every other 
has a direction with rational indices. This greatly 
reduces the labor of computing the resultant 
field, H, or its components, //;, for a large 
number of neighboring dipoles. After some con- 
sideration it was decided to compute resultants 
for the 50 nearest neighbors in (1) and for the 42 
nearest neighbors in (F). In (1) the coordinate of 
these neighbors, in terms of the lattice parameter 
ao, have the forms: 3, 3, 3 (8 points); 100 (6 
points); 110 (12 points); 3, 3, 5 (24 points). In 
(F) they have the forms: 3, 3, 0 (12 points); 100 


(6 points); 1, 3, 3 (24 points). The three 
dimensionless field factor components, 6h; 


=6/1;-a,*P™, for each of the permitted dipole 
directions, 6 for (1) and 8 for (F), at each of the 
points to be considered were arranged in suitable 
tables. Each group of three columns (6/1, d/te, hy 
in such a table corresponds to magnetic satu- 
ration in a permitted direction and a random 
choice of groups as we sum the 6h; down the 
table corresponds to a random choice of di- 
rections for dipole axes in the array. 

In order to provide a proper randomness in 
entering these tables about 2000 metal-rimmed 
paper tags, 3 cm in diameter, were numbered | to 
6 inclusive so that the set contained equal num- 
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bers of each digit, and were thoroughly mixed in a 
large motor-driven drum with internally pro- 
jecting partitions. Tags were then drawn hap- 
hazard from the mixture until all had been 
taken, and the digits thereon recorded in the 
order drawn to form a master list for array (1). 
The same procedure with tags numbered 1 to 8 
inclusive gave a master list for (F). Consecutive 
sets of 50 or 42 digits from these lists were then 
used in entering the tables of field factor com- 
ponents. By starting at different points in the 
master list completely independent sets of com- 
ponents, h;= X6h;, are obtained. In this way it 
was easy, though slow, to compute a sufficient 
number of resultant field factors to give a good 
idea of the mean magnitude of /, and of the 
distribution, in magnitude and direction, to be 
expected for h in an unlimited array. 

This somewhat rough and ready method has 
its dangers, for it is always possible that the 
master list is, by chance, so peculiar a sequence 
of digits that results obtained with it may be non- 
representative. In order to check the normality of 
each master list it was examined for consecutive 
occurrences of like digits. The observed fre- 
quencies of pairs and threes of a kind agreed well 
in every case with the frequencies to be expected 
in a list of average characteristics. Furthermore, 
it is clear that in a truly chaotic array each 
component separately should have an average 
value zero. The average values of h; actually 
obtained werelin reasonable agreement with this 
expectation, and a stereographic plot, made for 
(F) only, showed that in this case at least the 
approximate balance along the coordinate axes 
did not result from any notable preference for a 
symmetrical group of directions for h. 

The distribution of finally 
checked by plotting on probability paper.? This 
paper rectifies a Gaussian error curve so that it 
is not exactly suited to the present problem 
where values of h below zero or above a definite 
upper limit are physically impossible, and where 
values near the lower limit occur rather fre- 
quently. Plots for normal distributions are there- 
fore found to be slightly curved with the mean 
value of the set somewhat higher than the 
median value. A set of 99 h-values was generally 


ee 


h-values was 


* Form FN-384, General Electric Co., Schenectady, N. Y. 
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computed as being particularly easy to plot, for 
in a group of this many items the abscissa is 
merely the number of the item in order of 
ascending magnitude. None of the sets here 
computed seemed sufficiently distorted to justify 
their rejection, and no attempt has been made to 
correct any mean value of / for the presence of 
too many high or low values in the set as shown 
by the shape of the distribution curve. 

In addition to completely chaotic arrays, 
corresponding to a completely demagnetized 
state, it was convenient to consider partially 
saturated states. All that had to be done was to 
adjust the distribution of digits in the lottery so 
that the resultant magnetization of the whole 
series should be any desired fraction of the value 
for complete parallelism. The adjustment was so 
made that the 6 or 8 radii vectores representing 
the sum of parallel dipole moments terminated 
on a prolate ellipsoid of revolution having the 
origin as one focus and one of the permitted 
directions as its major axis. This is a perfectly 
arbitrary rule but the results show that the form 
of rule chosen probably matters very little. 


TABLE |. Composition of master lists. 


Fraction 

ot mag- 
neti 

satura- 
tion Number of tags for directions indicated Totals 

Array (/) 
[100] (010) [001] [ool] Loto} [ioo} 
0 334 333 333 $33 333 334 2000 
0.1 452 $24 324 324 $24 252 2000 
0.3 762 269 269 269 269 162 2000 
O.s 1109 196 196 196 196 107 2000 
0.7 1462 119 119 119 119 62 2000 
0.9 1820 40 40 40 40 20 2000 
{rray (fF) 
Casa} Cast) (ata) (410) C1iT) (iit) (iia) [777] 

0 247 247 247 247 247 247 247 247 1976 
0.1 341 269 269 269 221 221 221 189 2000 
0.3 623 257 257 257 162 162 162 118 1998 
0.5 ORR 200 200 200 111 111 111 77 1998 
0.7 1380 126 126 126 66 66 66 44 2000 
0.9 1792 43 43 43 21 21 21 15 1999 


Table I gives the tag distributions for the 
fractions of complete saturation for which master 
lists were thus constructed, and suitably tested 
as to normality. Sets of 99 summations were 
computed as before and the distributions tested 
by plotting on probability paper as for sets with 
no average magnetization. No important change 
in the distribution function, except a drop in the 
mean value of / with increasing magnetization, 
could be detected. Fig. 1 shows a few of the 
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Fic. 1. Sets of 99 randomly selected values of the local 
field factor h, arranged in order of ascending magnitude and 
plotted on probability paper for the following cases: A, 
array (F), 0.1 saturated; B, array (F), 0.7 saturated; C, 
array (1), 0.1 saturated; D, array (1), 0.7 saturated. 


distribution curves. Table II gives the mean 
values of / for all the cases examined, and Fig. 2 
shows the dependence of mean / upon the degree 
of saturation. The mean value of / is, at most, a 
small multiple of the maximum field factor at 
any lattice point due to a single one of its nearest 
neighbors. In (I) this maximum 6h is 8(6)'!/9 
= 2.18, in (F) it is 2(6)!=4.90. 


TABLE II. Mean magnetic field factors, h. 


Fraction of 





magnetic 

saturation Array (1) Array (F) 
0 6.52 13.35* 
0.1 6.88 13.77 
0.3 6.35 13.61 
0.5 5.81 11.02 
0.7 4.95 9.38 
0.9 2.88 6.11 
1.0 


0 0 


* This depends upon 188 resultants, all other entries 
upon 99 resultants each. 
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Fic. 2. Mean values of the local field factor, h, for various 
fractions of saturation, for two cubic arrays: (1), body- 
centered; (F), face-centered. 


In comparing the results of these calculations 
with each other and with experimental values it 
should be remembered that to get ordinary units 
in /] we must multiply 4 by Pay * which is about 
850 for iron in array (1) and 120 for nickel in 
array (F). We must also add in the Lorentz field 
which is in the direction of any net magnetization 
and attains the value 47//3 in the saturated 
state. It will be seen that the highest coercive 
forces yet reported are consistent with possible 
mean values of h as here computed. This does not 
mean, of course, that magnetic fields as intense as 
this would be necessary to reverse high mag- 
netization in arrays with only magnetic con- 
straint, for there would be no mechanism in 
such for reestablishing the 
disorder of dipole directions as the applied field 
again approached zero. It does suggest, however, 
that if other agents are adequate to introduce 
disorderly orientation in the absence of strong 
magnetic fields the hysteresis loops may be in- 
creased in area to the observed degree. Further- 
more, the decrease of mean magnetic constraint 
as magnetization favorable to 
catastrophic changes of Barkhausen type at 
about half saturation, where they are, in fact, 


arrays necessary 


increases is 


important. 

For the preparation and checking of master 
lists I am indebted to my research assistants 
during 1930 and 1931, Mr. L. R. Jackson and 
Mr. L. H. Ott. An electrically-driven calculator, 
available in the later stages of the study, has 
greatly shortened the labor of summing 175,158 
tabular entries in 14,175 groups and in com- 
puting 1277 resultant values of h. 
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Measurements on Contact Potential Difference Between Different Faces of Copper 
Single Crystals 


BERNHARD A. Rose, Brown University 
(Received June 24, 1933) 


Measurements on the contact potential difference 
between the (111) and (100) faces of copper single crystals, 
at different stages of outgassing, were made by the Kelvin 
null method. Two sets of observations with different 
experimental tubes show that the (111) face assumes a 
positive potential with respect to the (100) face. This 
value increased rapidly from near zero to about 0.4 volt 
during the first few hours of outgassing at a dull red heat 
and then more slowly to a limiting value of 0.446+0.002 
volt at 20 hours in the first series and 0.463+0.002 volt 
at 70 hours in the second series of measurements. Further 
heating at temperatures which exposed other faces by 
evaporation caused the value, in the first series, to decrease 
to 0.384 volt after 100 hours of outgassing, and in the 
second series, after 275 hours, it decreased to 0.378 volt. 
This value, 0.378 volt, remained constant for the next 770 
hours of outgassing. This difference between the results of 


I. INTRODUCTION 


HE experiments of Dowling,' Linder,’ 

Dillon,’ and Nitzsche* indicate that the 
intrinsic surface potentials of such metals as 
bismuth and zinc depend on the crystal orien- 
tation at the surface. Most of the evidence is only 
qualitative and in no case have crystals been 
used which could be outgassed at red heat in a 
high vacuum. Further, the metals used have a 
hexagonal space lattice so that it is uncertain 
whether more symmetrical crystals of face- 
centered cubic lattice, such as copper, would 
show an asymmetry. The purpose of the present 
experiment was to determine by the Kelvin null 
method a possible contact potential difference 
(c.p.d.) between the (111) face and the (100) 
face of copper single crystals at different stages 
of outgassing. 


'P. H. Dowling, Phys. Rev. 31, 244 (1928). 
*E. G. Linder, Phys. Rev. 30, 649 (1927). 
*J. H. Dillon, Phys. Rev. 38, 408 (1931). 
* A. Nitzsche, Ann. d. Physik 14, 463 (1932). 
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the two series of measurements is due to different rates of 
outgassing. Observations were taken at pressures of about 
5x 10-' mm Hg as measured on an ionization gauge. The 
outgassing was more than that required to reduce the 
surface gas layer to such thickness that it possesses a 
definite crystal structure related to that of the underlying 
copper, as shown by Farnsworth. Thus the above results 
should be characteristic of the single crystals contaminated 
with undesired crystal facets and probably covered with 
small traces of gas of crystalline structure, both of which 
reduce the effective value. These results definitely indicate 
that the contact potential difference between the (111) and 
the (100) faces of uncontaminated copper single crystals 
must be greater than the final value obtained here and 
most probably greater than the maximum value of 0.463 
volt. 


II. PREPARATION OF SINGLE CRYSTALS 


The specimens were obtained from a large 
crystal® grown in an atmosphere of hydrogen by 
the slow progressive cooling method. The geo- 
metric faces of the two pieces of crystal, each of 
about 3 cm? test surface area, were made parallel 
to the desired crystal planes by a method similar 
to that described by Farnsworth.* A scratch-free 
surface was obtained by grinding on plate glass 
with very fine wet emery powder. The sides and 
back of each crystal were etched in ammonium 
persulphate solution and washed in distilled 
water before it was placed in its mounting. 

The final test surface of the mounted (111) 
crystal was obtained by electrolytic etching (30 
milliamperes at 0.8 volt) in copper sulphate 
solution. This produced a smooth surface which 
gave reflections over all the test surface from 
the desired crystal planes and gave very few 


5 For purity of copper see, H. E. Farnsworth, Phys. Rev. 
40, 690 (1932). 
®*H. E. Farnsworth, Phys. Rev. 34, 683 (1929). 
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from other crystal facets. The final etching of 
the test surface of the mounted (100) crystal 
was done in nitric acid (65 percent solution by 
volume), which produced a smooth surface with 
but very few undesired reflections, and those only 
from the sides of deep pits. After the final 
etching and washing in distilled water, the 
crystals themselves were not touched again. 


III. APPARATUS AND PROCEDURE 


Two series of measurements were conducted 
in different experimental tubes to eliminate 
possible effects due to the geometry of the 
arrangement. A T-shaped Pyrex tube of 4 cm 
diameter was used for the first, and a straight 
Pyrex tube of 5.5 cm diameter was used for the 
second series of measurements. Only the second 
tube (Fig. 1) and set-up with the essential changes 
will be described here. 

















Fic. 1. Second experimental tube. A, (111) crystal; B, 
(100) crystal; C, bombarding filaments; D, connection to 
film; E, soft iron bar; F, frame of sliding mechanism; G, 
bearing tubes; H, ground connection; J, ionization gauge; 
J, quadrant electrometer; P, potentiometer. 


This tube contained a single metal frame, 
which supported the sliding mechanism of each 
crystal. This mechanism consisted of two Pyrex 
tubes of small diameter held parallel to each 
other by a bar of soft iron and a molybdenum 
strip to which was attached the crystal mounting. 
The motion of either crystal, necessary for a 
measurement by the Kelvin null method, was 
provided by an external magnet acting on the 
iron bar. The initial separation of the crystals, 
about 0.5 mm, was determined by stops adjusted 
before assembly. 

The electrostatic shielding was obtained by 
evaporating a molybdenum film on the inside of 
the tube and coating the outside with ‘‘aquadag”’ 
except for a portion between the filaments which 
was covered with a fine nickel gauze,—all of 
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which, together with the filaments and frame of 
the sliding mechanism, were grounded. Shielded 
symmetrical leads from the crystals and shielded 
leads from the potentiometer and electrometer 
were brought to a metal switch box, which 
facilitated quick changes of connections by 
means of spring connectors, and also kept shield- 
ing conditions stable. 

In the second tube the distance of the crystals 
from the shielding was increased considerably 
and the sliding mechanisms and supporting 
frame were constructed more ruggedly. The 
pressure during outgassing was measured more 
accurately by attaching the ionization gauge 
closer to the point where the crystals were heated. 
For the first experimental tube, the vacuum 
system mercury diffusion 
pumps, with a liquid air trap in the lead to the 
experimental tube and one in the lead to the oil 
fore pump. An additional trap was inserted in 
the lead to the second experimental tube. No 
change in the c.p.d. was observed when carbon 


consisted of two 


dioxide snow in acetone was used as the cooling 
agent instead of liquid air. 


First series of measurements 

The system was evacuated and the tube baked 
for 50 hours at a temperature over 400°C. A 
value of the c.p.d. between the crystals was 
read directly on the potentiometer when a 
motion of the crystal connected to the poten- 
tiometer caused no deflection of the electrometer. 
This value was then checked by reversing all 
connections. With an electrometer sensitivity of 
about 3000 mm per volt, the accuracy of a 
measurement was such that 0.002 volt difference 
from the measured value caused a_ noticeable 
electrometer deflection. 

The crystals could be outgassed simultane- 
ously by electron bombardment—the backs 
being protected by thin molybdenum covers. 
The outgassing temperature was about 900°C, 
based on estimates of the color of the crystals. 
The measurements were interrupted at the end 
of 21 and 60 hours of outgassing, at which 
points the shielding was removed and the tube 
baked for periods of 20 and 40 hours, respectively. 
The pressure, as measured on an_ ionization 
gauge, was less than 10° mm Hg during the 
last periods of outgassing, and less than 8X 107‘ 
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mm Hg when measurements on the c.p.d. were 
made. 


Second series of measurements 

The crystals used in the first series of measure- 
ments were resurfaced by grinding on plate 
glass, etched in the same manner and placed in 
the same mountings that were previously used. 
The second tube, with the improvements de- 
scribed above, was evacuated and baked for 40 
hours at a temperature over 450°C. The tube 
was baked for 35 hours after the crystals had 
been simultaneously outgassed for 150 hours. 
The outgassing temperature for the first 350 
hours was about 650°C, and the subsequent 
outgassing was done at about 800°C. The 
pressure gradually decreased from about 3 10~° 
mm Hg during the initial stages of outgassing, 
to about 10-7? mm Hg during the final heating 
periods. Throughout this series of measurements, 
at the time when the measurements on the c.p.d. 
were made, the pressure was less than 1077 mm 
Hg and near the conclusion of the measurements 
it was less than 5X10-* mm Hg. 


IV. PRELIMINARY INVESTIGATION 

A preliminary investigation was made to see 
if it is possible to obtain zero c.p.d. between 
polycrystalline plates of copper.’ During alter- 
nate outgassing the c.p.d. fluctuated between 
+0.1 volt. After a total outgassing of 25 hours 
the final c.p.d. was 0.01 volt which may be 
attributed either to incomplete outgassing or to 
differences in crystal orientation. 


V. Discussion AND ANALYSIS OF RESULTS 


A measurement of the c.p.d. between the two 
crystals, immediately after each baking of the 
tube and before heating by bombardment, gave 
a value which was near zero, indicating that the 
baking process allowed the liberated gases to 
condense on the crystals and thus produce 
surfaces which were nearly alike. As these con- 
taminations were gradually removed by the 
outgassing, the value increased rapidly, the 
(111) face becoming more electropositive with 
respect to the (100) face. Subsequent heating 


? This copper was obtained from the research laboratory 
of the General Electric Company. 
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caused the c.p.d. to pass through a roughly 
defined maximum of 0.446 volt for the first series 
of measurements and 0.463 volt for the second 
series, and to approach a steady value of 0.384 
volt and 0.378 volt for the first and second 
series of measurements, respectively. 

In view of the positive results, it follows that 
the presence of other exposed crystal faces should 
affect the measured value. Figs. 2 and 3 are 
consistent with the view that the initial increase 
in the c.p.d. is due to outgassing of the crystals, 
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Fic. 2. Contact potential of (111) face with respect to 
(100) face as a function of outgassing time. (First series of 
measurements. ) 
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Fic. 3. Contact potential of (111) face with respect to 
(100) face as a function of outgassing time. (Second series 
of measurements.) 


and that the growth of undesired crystal facets, 
caused by evaporation, decreases this value. It 
appears that on continuing the heating a state is 
reached where changes due to these two effects 
are of the same order of magnitude, and the 
measured c.p.d. is a maximum. Early in the 
second series of measurements the outgassing 
temperature was much lower than at the cor- 
responding time in the first series. Probably 
fewer undesired crystal facets appeared at the 
lower temperature, and as a result the maximum 
c.p.d. is greater in the second series of measure- 
ments. 
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Further heating undoubtedly increased the 
number of undesired crystal facets, thereby 
causing the measured value to decrease. It 
seems reasonable to suppose that beyond a 
certain point the addition of a number of new 
facets would have a comparatively minor in- 
fluence. Then the c.p.d. should be reasonably 
constant. 

After the first 20 hours of simultaneous out- 
gassing, the crystals were outgassed one at a 
time (see Fig. 2). The resulting relatively large 
change in the c.p.d. indicates that the crystals 
were still not well outgassed. At the end of 100 
hours of simultaneous outgassing, only a small 
change in the value was observed when the 
crystals were heated one at a time. It is certain 
that the crystals were still not completely out- 
gassed after this heat treatment, but it seems 
evident that a state of equilibrium was very 
nearly attained for the particular outgassing 
temperature and pressure. 

In the second series of measurements, Fig. 3, 
the fluctuation in the value at 350 hours is 
probably due to an observed increase in pressure 
during outgassing. No change in the value 
occurred when the crystals were heated one at 
a time at 750 hours. The remarkable steadiness 
of the value at 0.378 volt, from 400 to 1045 hours 
of outgassing is attributed to the small influence 
of the various factors which tend to change the 
c.p.d. or to an equilibrium of these factors. 
Following this outgassing treatment, the crystals 
were accidentally and later deliberately heated 
at pressures of about 2X10°° mm Hg. The 
resulting decrease of the c.p.d. from 0.378 to 0.28 
volt is probably due to the formation of denser 
gas layers on the surface of the crystals. Sub- 
sequent outgassing at pressures of about 3 x 107-7 
mm Hg caused the value to become steady at 
about 0.35 volt. No appreciable change in the 
c.p.d. was noted when the crystals were allowed 
to stand at low pressures and room temperatures 
for days at a time. The value decreased slightly 
when air at a pressure of about 10-°> mm Hg was 
let into the system. 

In experiments on the diffraction of electrons 
from the (100) face of a copper single crystal, 
Farnsworth? found a number of beams indicating 


8H. E. Farnsworth, Phys. Rev. 40, 684 (1932). 
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a surface layer of gas of simple-cubic, single- 
spaced structure having the same lattice constant 
as copper. When the gas layer became thin after 
sufficient outgassing, it changed over to a double- 
spaced, face-centered structure. In view of these 
results, the present outgassing has been more 
than sufficient to reduce the surface gas layers 
to a double-spaced, face-centered structure. It 
seems probable that, in the interval of 700 to 
1045 hours of outgassing, the surface gas layers 
had been reduced to an even less dense structure. 
The exact value of the c.p.d. at the end of the 
measurements is not of as much significance as 
the fact that it is still large. The measured value 
between the outgassed crystals was greater than 
0.37 volt, at pressures of the order of 10-7 mm 
Hg throughout most of the experiment, and also 
at pressures less than 5X10-* mm Hg. Since 
near the end the pressure during heating differed 
but slightly from that measured when the 
crystals were cold, it is concluded that the 
crystals were well outgassed and that further 
heating would not appreciably alter the c.p.d., 
except to decrease it by exposing undesired 
crystal facets. Thus the final value should be 
characteristic of the single crystals contaminated 
with undesired crystal facets and _ probably 
covered with small traces of gas of crystalline 
structure, both of which reduce the effective 
value. A more detailed interpretation is given 
elsewhere. °® 
The results definitely indicate that the contact 
potential difference between the (111) face and 
the (100) face of uncontaminated copper single 
crystals must be greater than the final value 
obtained here and most probably greater than 
the maximum value of 0.463 volt. This is much 
greater than was anticipated for a symmetrical 
cubic crystal and indicates the desirability of 
extending the investigation to other crystals. 
The author wishes to express his most sincere 
appreciation of the help received from Professor 
H. E. Farnsworth, who suggested the problem 
and made invaluable suggestions throughout the 
course of the development. The major portion of 
this work was done while the author was a 
recipient of a Brown University Fellowship. 
®H. E. Farnsworth and B. A. Rose, Proc. Nat. Acad. 
Sci. 19, 777 (1933). 
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On the Existence of Time Lags in the Faraday Effect 
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D. R. Morey, Cornell University 
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The nature of the initial or surge currents, and of the 
oscillatory currents, found in a magneto-optic apparatus 
similar to that used by F. Allison, has been investigated. 
Assuming the existence of a time lag in the Faraday effect, 
the nature of minima which could be produced by these 
currents is examined. The possible minima are found to be 
extremely broad, a matter of several meters rather than a 
few centimeters, and have such a small intensity change 
for a unit movement of the trolley as to be incapable of 
detection. Large and easily visible minima characteristic 
of the organic liquids used have been observed, whose 


W. BEAMS and F. Allison,' in an attempt 
J. to explain certain results obtained on organic 
liquids with a magneto-optic apparatus, ad- 
vanced the idea that a small but measurable time 
existed between the application of a magnetic 
field to the liquid and the resultant rotation of 
the plane of polarization of light passing through 
the liquid parallel to the magnetic field. Allison 
has carried on these original experiments, and 
has devised a unique method of chemical analysis 
which he reports capable of detecting compounds 
when in concentrations as low as one part in 10" 
of the solvent.? Allison’s explanation of his 
experimental results is that there exists a 
measurable time lag in the Faraday effect, the 
time lag being characteristic of the chemical 
compound, and he has reported numerous proofs 
to support this idea and to show that other 
hypotheses are inadequate.* 

The apparatus used in experiments performed 
at Cornell University and at the University of 
Minnesota is similar to that described by 
Allison and Murphy? and is shown in Figs. 1 and 





' Beams and Allison, Phys. Rev. 29, 161 (1927). 

? Allison, J. Chem. Ed. 10, 70 (1933); and Phys. Rev. 
43, 38-50 (1933). 

* Allison and Murphy, J. A. C, S. 52, 3796 (1930). 


explanation is found in terms of Verdet constant and a 
change in magnitude of current as a result of trolley move- 
ment. The effect of concentration on the appearance of 
minima arising from a Faraday effect is found not to agree 
with the experimental results of Allison. No sharp minima 
were found either with visual or photoelectric observation, 
and the conclusion is reached that the cause of the results 
of Allison is not a time lag in the Faraday effect, but is 
some as yet unknown cause, possibly a peculiar sort of 
Kerr phenomenon. 


2. The variable condenser C (which was usually 
adjusted to a value near 0.0005 mf) is charged 
from the source of high potential (25 kv Thor- 
darsson transformer with kenotron as rectifier) 
until the voltage across the spark gap has risen 
to a value sufficient to produce a breakdown. 
(The gap distance was usually fixed at 4 mm, 
between ends of narrow magnesium rods.) The 
number of breakdowns per second may be varied 
by a rheostat in series with the transformer 
primary; about 60 per second is a good number. 
Too great a number renders the spark very 
unsteady. L,; and Lz represent coils consisting of 
54 turns of No. 18 annunciator wire (1.02 mm 
diameter) wound on a glass cylinder of 2.5 cm 
diameter. The high frequency resistance of each 
coil’ measured at 400 kc, the normal frequency of 
the oscillating circuit, is 0.5 ohm. The inductance 
is 30 microhenries. Within these coils are placed 
glass cylinders, to hold liquids, with end faces 
cemented on with water glass in the case of 
organic liquids, and picein or other wax when 
aqueous solutions are used. The coils are con- 
nected to the spark gap and condenser through 
a set of wires, upon which are movable con- 
nections or trolleys 7; and 7». 7) is variable in 
steps only, but 7: slides along the wires and may 
be placed at any desired position. The purpose of 
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the wire system and trolleys is to vary the time 
of arrival of the surge (which travels out from 
the spark gap when a breakdown occurs) at the 
coil Lz with respect to its time of arrival at ZL. 
I, and J, represent radiofrequency ammeters 
which were placed in the circuit for purposes of 
experiment, but which were not present when 
the circuit was used in the usual way. Light from 
the spark gap passed through a lens, a color 
filter F which transmits a narrow band centering 
on the Mg line 4481, a nicol N,, then through the 
liquids in L,; and Lz and finally through a nicol 
No, crossed with respect to N;, to the eye. 

The results obtained by Allison, and their 
interpretation in terms of a time lag in the 
Faraday effect may be summarized as follows: 
With the same liquid (say CS2) in Z; and Lo, the 
light passing through the two cells and nicols is 
seen to be a minimum when the trolley slide 7, 
is placed at such a point that the wire path from 
the spark gap to L; and Lz is the same length. 
When such is the case, the surge arrives at L, 
and Lz» at the same time, and since the coils are 
so connected that the magnetic fields are op- 
posed there is no resultant rotation and the 
light is stopped by Ne. (Because of the sym- 
metry of the apparatus, the currents in ZL; and 
lL». are approximately equal for this case.) When 


the slide 7: is at any other position than the one 
for equal wire path, the surge arrives at one 
coil before the other, and for a short interval 
the plane of polarization is rotated in one coil 
and not in the other. Hence a small amount of 
light can pass N2; a minimum of light passing 
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when the wire paths to the coils are equal. With 
different liquids (say CS: and a water solution of 
NaCl) in ZL; and Le, a minimum of light was 
found when the slider 72 was at a position for 
which the wire paths were unequal; in fact it 
was found that with CS, in one cell, and a series 
of salt solutions in the other, minima existed 
whose positions on the wire system appeared 
characteristic of the compounds. The explanation 





TIME LAG IN THE 
js that for two different compounds, different 
times must elapse between the application of 
the magnetic field and the optical rotation. Then 
in order to have the rotations occur at the same 
time and produce a minimum of light by annul- 
ling one another, the wire paths must be adjusted 
to some unequal value so that the magnetic 
fields (produced when a surge arrives at the 
coil) are applied at different times. The rotations 
may also be made to annul one another by 
allowing the surges to arrive at the same time 
but displacing one cell from the other, thus 
varying the time of arrival of the light. The 
adjustment of wire path is the common pro- 
cedure, however. 

When different liquids are used, the Verdet 
constants are usually unequal, and the rotations 
can never completely balance one another, for, 
as mentioned above, the currents are approxi- 
mately equal. This difference of Verdet constant 
has, however, no effect on the position or 
production of these minima observed by Allison. 

A graphic representation of the conditions 
existing when the trolley 7 is at some random 
position which allows light to pass N2 is shown 
in Fig. 3. Fig. 4 is a representation of the quan- 
tities when they are so related as to produce a 
minimum. 

The change in light intensity, for which the 
foregoing explanation has been advanced, has 
the remarkable property of being localized to a 
very small displacement of cell or trolley slide 
for Allison states,‘ ‘“They are extremely sharp, 
as evidenced by the fact that different observers 
can agree in settings in the dark within three 
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millimeters or less. The minima, however, have 

a greater width than this, for both the eye and 

the photoelectric cell note the approach to a 

minimum over a distance of some millimeters.” 
SURGE TREATMENT 

It is of interest to consider the conditions 
which the currents in the coils must satisfy if 
such sharp minima as these are to be interpreted 
in terms of a Faraday effect. The interpretation 
of sharp minima in such terms introduces the 
tacit assumption that the growth of current 
in the coils is so rapid that a change in the time 
of arrival of the surge at one of the coils by as 
small an amount as 7107" seconds (this cor- 
responds to a displacement of the trolley of 1 
cm, which is much more than sufficient if the 
minima are located to within 3 mm or less) 
produces sufficient change in the current (and 
hence in the magnetic field) to make a noticeable 
rotation of the plane of polarization. 

The breakdown of the spark gap results in the 
production of initial transient currents, or surges, 
which travel out from the spark gap along the 
wires with nearly the speed of light. The time of 
arrival, at a coil, of a surge resulting from the 
breakdown may be controlled by varying the 
length of wire path. These initial surges, in the 
course of their travels on the system, undergo 
reflections and other changes imposed on them 
inductances and 
capacities of the system, and there is built up 


by the various resistances, 


in the case of this circuit a train of damped oscil- 
lations. These constitute the “steady state,” 
after the initial transients have disappeared. It 
has been assumed that the initial surge was 
responsible for the magnetic fields in the coils 
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which gave rise to the minima, and that the 
oscillations which followed had a negligible effect. 

If these sharp minima have their origin in 
magnetic fields produced by surges, the surges 
must be quite short in length, in fact comparable 
with the width of the minima as Fig. 5 will show. 
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The surges in L; and Ly are for simplicity repre- 
sented as having perpendicular ends; surges of 
this shape would also produce more pronounced 
minima. In (a) the condition when the trolley is 
set on a minimum is shown. (Assuming that a 
time lag in the Faraday effect does exist, the 
actual currents may be displaced in time in 
order that the rotations shall be in phase.) In 
(b), the trolley 7, has been displaced, and the 
shaded area is proportional to the amount of 
light passing Ne as a result of one spark break- 
down. In (c) the trolley 7, has been displaced 
the length of one surge, and the amount of light 
passing has reached a maximum, for upon 
further movement of 7», (d) results, with no 
increase in amount of light. 
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For a rapid succession of short light flashes, 
the visual stimulus increases as the light flash is 
made longer; hence to the observer of minima 
the field should brighten as the transition from 
(a) to (c) is made. If the minima have a width 
of some millimeters wherein the intensity is seen 
to change, the surges must be of this length. 
However, the length of surge comes out to be a 
matter of many meters, computing from the 
charge residing in the condenser and the charac- 
teristic or surge impedance (some 800 ohms) of 
the line which drains this charge from the con- 
denser, neglecting any inductive effect of the 
coils which would further lengthen the surge. In 
fact, only the first few meters of the surge behave 
in a simple manner, subject to the control of 
Ts, because reflections occur at the coils, and 
at the condenser, and the whole phenomenon 
becomes a complex disturbance, gradually going 
into damped oscillations. 

Furthermore, if these sharp minima are due 
to magnetic fields produced by surges, the wave 
front of the surges as they traverse the coils 
must be extremely steep, in order that a dis- 
placement of 7X10~" seconds along the wave 
front shall result in a noticeable current change. 
It is quite conceivable that the wave front of the 
surge as it exists on the trolley wires would be 
steep, but it is not so evident that current could 
grow in a coil having considerable inductance 
with the requisite speed. 

Excellent discussions of the current and 
voltage phenomena arising when a travelling 
wave on a line strikes a coil or condenser ter- 
minating the line are found in the works of Riiden- 
berg and Karapetoff.° Experimental results on 
surges have been obtained by Rogowski, Flegler 
and Tamm*® who used a special oscillograph.’ 

If a wave of voltage E having a perpendicular 
wave front travels over a line of characteristic or 
surge impedance Z and impinges on a lumped 
inductance L devoid of resistance and capacity 
terminating the line, the current flowing in the 


* Riidenberg, Electrische Schaltvorgdinge, pp. 396-407, 
J. Springer, Berlin; Karapetoff, A Graphical Theory of 
Travelling Electric Waves, Trans. A. 1. E. E. 48, 508 (1929). 

® Rogowski, Flegler and Tamm, Archiv f. Elect rotechnik 
18, 479 (1927). 

7 Rogowski, Flegler and Tamm, Archiv f. Electrotechnik 
18, 513 (1927). 
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inductance is given by the expression 
I, =(2E/Z)(1—e~ 7’), (1) 


where ¢=0 at the instant the wave reaches the 
inductance. If Z is replaced by a pure capacity C, 


Ice =(2E/Z)e—"/*°. 


The inductance at first acts as an open end to 
the surge, and no current flows in it. The current 
builds up gradually, from zero to a value twice 
that of the line current; the effect of the induc- 
tance changes from that of an open end to that 
of a short circuit. The capacity initially causes 
the voltage to drop to zero by reflecting an 
equal voltage of opposite sign, and causes the 
current to jump to double the value in the line. 
Its action is opposite to that of the inductance, 
acting initially as a short circuit, and finally as 
an open end as it charges up. 

The actual operation of a coil such as is used 
in the magneto-optics experiments is a com- 
bination of the that is, it 
presents both inductance and capacity to the 


above two cases, 
surge. If the coil is to have magnetic fields along 
the axis, and thus rotate the plane of polarization 
of light passing through it, it is the current J; 
which follows the windings which is effective. 
The current J¢ which flows between turns of the 
coil because of its distributed capacity C drains 
the energy in the surge without producing a 
magnetic field which aids the production of 
minima. Less energy is available as J;, and 
unfortunately this diversion of energy into a 
non-useful path comes with greatest effect just 
when J; is zero and growing at its greatest 
possible rate. Thus it is seen that even granting 
that the breakdown of the spark gap produces 
a surge with perpendicular wave front, the current 
in the coil can only grow at a rate less than that 
given by Eq. (1). Since Allison reports that a 
motion of the trolley of 1 cm (or a displacement 
along the wave front of the surge of 7107"! 
seconds) produces a noticeable effect to the eye, 
when at a minimun, it is of interest to see how 
much the current in the coil can change in this 
time. Values which were obtained on the ap- 
paratus used in these experiments were: E = 6500 
volts; Z=790 ohms; L = 30 microhenries. Hence 
from (1) J,;=0.03 amp. approx. Thus the 
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unbalanced current impulse, or the current 
impulse which will flow in one coil without a 
similar balancing current flowing in the other 
coil as a result of displacing 72 one centimeter 
from the minimum point is an impulse which 
grows from zero to a maximum possible amperage 
of 0.03 and then dies away, the life of the impulse 
being about 10~'® seconds. With 60 spark break- 
downs per second, the visual sensation would 
then be the integrated effect of 120 light im- 
pulses per second, each light impulse being the 
result of a rotation of the plane of polarization 
by one of the current impulses described above, 
and acting upon a material whose concentration 
is in some cases less than 107" g/cc, the length 
of path in this dilute material being about 10 
centimeters. 

It is difficult to accept these minute quan- 
tities as the cause of any visible phenomenon, 
despite the numerous proofs cited by Allison in 
favor of a Faraday time lag as the explanation 
of such sharp minima. 

One assumption which is made in the analyti- 
cal theory of travelling waves, and their actions 
on coils, ete., is that the inductance is lumped, 
or concentrated at one point, so that the current 
throughout it may be considered constant. This 
is not strictly correct for the coils in use in these 
experiments; current must actually flow into the 
coil for a winding or two before the inductive 
action of the coil can be built up and applied to 
the oncoming current. The inductive action 
does not apply instantaneously because of the 
finite size of the coil and the finite velocity of 
propagation of electric and magnetic fields. The 
net result is that the current in the first windings 
can produce immediately upon arrival a mag- 
netic field in the right direction to produce a 
rotation. Nevertheless, it may be said that 
theory does not predict currents favorable to the 
production of sharp minima. 

Let us suppose that for some unknown reason, 
the current in this case does not behave as the 
electrical theory predicts, and let us make 
assumptions concerning its behavior which we 
know ease of 
production of sharp minima. Let it be assumed 


to be in error on the side of 
that the spark gap breakdown is instantaneous, 
that the surge can travel over the trolley system 
without loss of its perpendicular wave front, 
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that no reflections take place at the coil, that 
the coil allows current to grow in it instan- 
taneously and that all the current follows the 
windings (J.=0). In other words, we assume 
that the surge current in the coil rises from zero 
to its maximum possible of about 20 amperes 
instantaneously. With these very obviously one- 
sided and unrealizable conditions, it is of interest 
to compute the optical effect which would result. 

Since a motion of the trolley of 1 cm (7 X10~"! 
seconds) should produce a noticeable optical 
effect when at a minimum, it follows that the 
resultant current when the trolley is displaced 
from the minimum position by 1 cm must be 
sufficient to produce an effect. If the optical 
effect has to do with the Faraday effect, then the 
current surge of 20 amperes (which, we have 
assumed, grows from zero to full value instantly) 
lasting for about 10~" seconds must produce a 
noticeable rotation. 

From some work by Beams,’ on the appearance 
of a Mg spark photographed with a rapidly 
rotating mirror, it would seem that the metallic 
lines exist with good intensity for at least 5 x 10~® 
seconds. The eye acts as an integrating apparatus 
for rapid light pulses, as the use of sector disks 
in photometry shows, so one can compute a 
steady current persisting through 5X10~° sec- 
onds to which the pulse of 20 amperes and 10~" 
seconds is equivalent. The value of this equiva- 
lent current is 4X 10~* amperes. 

A number of experiments to determine the 
amount of d.c. necessary to produce a noticeable 
rotation led to the conclusion that with the Mg 
spark as a source of light (but not actuating the 
coils) and with the usual color filters present, 
a d.c. of approximately one ampere through one 
coil was necessary to produce the least detectable 
change. 

The optical effect in this case was produced 
by one ampere acting during the time the 
metallic lines were emitted from the spark gap, 
and this value of one ampere is to be compared 
with the value 4X 10~* amperes obtained above. 
Even if, for such extremely short flashes, the eye 
does not integrate in the manner supposed, it 
does not seem possible to reconcile the widely 
divergent figures on these grounds. Furthermore, 


8’ Beams, Phys. Rev. 35, 24 (1930). 
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4X10‘ represents an upper limit, due to the 
assumptions made. The conclusion is that the 
surge currents cannot be responsible for the 
sharp minima. 


ALTERNATING—CURRENT TREATMENT 


It has been supposed that oscillations in the 
magneto-optic circuit did not exist, or if they did, 
had no effect on the production of minima. In the 
apparatus described herein, damped oscillations 
of considerable magnitude were found to exist, 
the peak currents being about 200 amperes; far 
greater than any currents existing in the initial 
or transient state. Measurements on the decre- 
ment indicated about 30 waves per wave train 
before the current was reduced to 1 percent of 
the maximum value. 

The wave-lengths were found to lie between 
500 and 1100 meters (600-273 kc) depending 
chiefly upon the value of the condenser C, but 
to some extent upon the position of the trolleys. 
In addition to this fundamental frequency, there 
was found an oscillation of wave-length approx- 
imately 70 meters (4290 kc), of much lower 
intensity. This oscillation seemed to be associated 
only with the coils and the trolley system, since 
a variation of the condenser C did not affect it. 
Moving the trolley 7, through 36 divisions 
changed the wave-length from 65 to 73 meters 
(4615-4110 kc). There is an upper and lower set 
of wires, connected in series, to increase the 
wire path length when necessary. Upon discon- 
necting the upper wire system, the 70 meter 
wave disappeared. No other oscillations were 
found in the range from 1 meter to 24,000 
meters (300,000—12.5 kc). 

To see if these oscillations are responsible for 
the sharp minima, it is necessary to examine the 
sort of minimum they are able to produce, 
assuming the existence of a time lag in the 
Faraday effect. Let ¢:, ¢2 represent the angular 
rotations of the plane of polarization in L,, L». 
Let the current in ZL; be represented by J, sin @. 
Then the current in Le is J) sin (@—a@) where a 
represents the phase difference between the 
currents due to the change of impedance upon 
moving the trolley. 

When treating the problem with the view that 
a series of independent surges travel from the 
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spark gap to the coils, the positions of the trolleys 
govern the time of arrival of the surges. From the 
standpoint of oscillations, the positions of the 
trolleys govern the value of the impedance in 
series with each coil, and hence the phase relation 
of the currents in ZL; and Lz». In order to deter- 
mine this phase relation, it is necessary to know 
the high frequency resistance and inductance of 
both the coils and trolley system. These meas- 
urements were made at 750 meters (400 kc) 
which was taken as the normal operating fre- 
quency of the system. Resistance measurements 
were made by the resistance substitution 
method; inductance measurements by the reson- 
ance method. The quantities which determine 
the phase relations of the currents are shown in 
Fig. 6. 

Knowing these values, one can then obtain 
the phase relation between the two currents, 
since 

(Li+Lr,) 
tan 6=— and tan (@+a)= 
Ri+Rr, Ro+ 


- 


The resultant optical rotation ¢;—¢2 is propor- 
tional to J9(sin 6—sin (@—a+ )). The quantity 8 
accounts for the time lag difference of the two 
liquids in use. This expression is a maximum 
when 6=3(a—8). Then the maximum resultant 
optical rotation is proportional to 27 sin }(a— 8) 
or for small angles to a—8. 8 is a constant of the 
two liquids, independent of the trolley position, 
so the shape of a minimum with respect to the 
motion of 72 is given by examining the case for 








Fic. 6. L,; and R; are the inductance and resistance of 
coil No. 1. Le and Ry are the inductance and resistance of 
coil No. 2. L;=L2 and R,;=R>2. Lr; and Rr; are the 
inductance and resistance of wire path whose length is 
governed by position of 7). Lr2 and Rr: are the inductance 
and resistance of wire path whose length is governed by 
position of T>. 
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8=0 (same liquid in each cell). Then the max- 
imum resultant rotation is proportional to the 
phase difference between the currents in the two 
coils. If we assume that the visual stimulus is 
proportional to this maximum resultant optical 
rotation, then the shape of the minimum is given 
by plotting a against the position of the movable 
trolley T2. Fig. 7 shows the experimentally found 
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values of a for various trolley displacements. If 
it is assumed that the visual stimulus is more 
nearly proportional to the time integral of the 
resultant rotation, the result is again propor- 
tional to a for small angles, and therefore the 
curves of Fig. 7 give a picture of the change of 
light intensity to be expected upon moving the 
trolley. 

The curves show a gradual and long continued 
rise; therefore, upon treating the current as oscil- 
latory rather than as a surge the conclusion is 
reached that the intensity change due to a 
minimum is broad and gradual, extending over 
the whole length of the trolley, rather than sharp 
and localized to a few millimeters. Furthermore, 
as was the case with the surge currents, the 
change of resultant current for a one centimeter 
displacement of the trolley seems far too small 
to produce a visible effect. 

Further evidence that the oscillations can 
hardly be the cause of the minima is that Allison 
has found the same minima in practically the 
same place on five different set-ups of differing 
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electrical characteristics. He also found that the 
size of coil had no effect on the minimum position. 
Changing these electrical quantities changes the 
relation between phase angle and trolley position, 
so that any minimum due to the oscillations must 
shift position as the size of coils or spacing of 
wires is changed. 

If, however, the origin of these minima is in 
these oscillations, then the actual time lags of 
the various materials are different from those 
given by Allison, for the time lags have been 
“computed on the assumption that the electric 
surges in the wires travel with the speed of 
light,"’ whereas the true time lags should be 
obtained from a knowledge of the wave-length 
and phase angle of the oscillatory currents. 

It is now seen that if a time lag in the Faraday 
effect does exist, two minima are possible for 
each time lag, one due to the surge currents and 
one due to the oscillatory currents. Both these 
minima are extremely broad, and present so 
gradual an intensity change as to seem im- 
possible of detection. A system could be devised 
with the right values of inductance and capacity 
per unit length and right size of coils so that the 
two minima would coincide. In the apparatus 
already described they fall widely apart. When 
they do not fall together, a minimum due to one 
type of current has superposed on it light 
resulting from the other type of current, thus 
rendering still more difficult its detection. 


LARGE MINIMA FOUND 


A further cause of difficulty in detecting these 
minima is that a motion of 7» causes a change in 
the impedance in series with Ze, and hence a 
change in the magnitude of the current in the 
coil. The two coils then allow light to pass not 
due to any time or phase displacement of the 
currents but due to a change of current mag- 
nitude. The amount of this light is considerable, 
and can be observed to vary as the trolley is 
moved. In fact, in the course of some experi- 
ments, minima of light intensity have been 
observed as the trolley was moved, and the 
positions of these minima have been peculiar to 
the organic liquid used. Similar phenomena have 
been observed by Slack and Breazeale.* These 


® Slack and Breazeale, Phys. Rev. 42, 310 (1932). 
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minima are due to the change in current mag- 
nitude mentioned above, and which is illustrated 
by the graph of a typical set of data—Fig. 8. 
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Since the position of the trolley affects the 
amount of current in the coils L; and Lz, it 
follows that the position of 7: affects the amount 
of rotation of the plane of polarization of light 
which passes through the liquids in LZ; and Ls». 
Suppose first that the same liquid is placed in 
L, and Lz». Since the rotation of light in ZL; is 
opposite to that in Ls, the light passing the 
second nicol will be at a minimum of intensity 
when the currents in the two coils are equal. 
Remembering that the part of the apparatus 
containing L,; and 7; is symmetrical to that con- 
taining Le and 7», it follows at once that a mini- 
mum of light passes the second nicol when 7; is 
placed at about the same distance from the zero 
as T; and that for any other position of 7», the 
rotations in the two cells will be unequal, and 
more light will pass the second nicol. In Fig. 9 
the appearance of some of these minima is 
shown, as recorded by a photoelectric cell. Note 
their extreme broadness. The fact that the CS, 
minimum is more pronounced than the CHC]; 
minimum confirms the explanation of these 
minima, for the larger Verdet constant of CS» 
causes greater rotation. 

Thus far, then, there is agreement with the 
Faraday time lag hypothesis in that a minimum 
is found when the trolleys are approximately 
equal and the same liquid is in each cell. Leaving 
aside the explanation of the extreme width of 
this minimum, one might easily be led to the 
assumption that its cause is a time lag in the 
Faraday effect, for in this case of similar liquids 
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such an hypothesis also leads to the conclusion 
that the minimum is to be found near the point 
where trolley distances are equal. In cases wherein 
dissimilar liquids are used, one finds proof that 
the origin of these broad minima is other than a 
time lag in the Faraday effect. 

Suppose that benzene is placed in ZL, and 
carbon bisulphide in Le. The minimum will no 
longer be at the point where the trolleys are 
nearly equal. Since carbon bisulphide has a 
Verdet constant larger than that of benzene, the 
current in LZ». must be diminished, in order to 
make the rotations in L; and Le equal. This 
diminution of current is accomplished by placing 
T, farther out—i.e., adding impedance to the 
branch containing Ze. Hence for this case, the 
minimum will appear further out on the 7» 
scale. Fig. 10 is the photoelectric record of this 
case. The amount of rotation of the plane of 
polarization is proportional to the product of the 
Verdet constant of the liquid and the current in 
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the coil surrounding the liquid. Then, for any 
two liquids, the minimum of light will be found 
at that point where the rotations are equal (and 
opposite), namely, at the point where ViJ;= Vel 
where the subscripts 1 and 2 refer to L; and Ls. 
Then J;/I2= V2/V;, which tells us that if we 
place a certain liquid (for example xylene) in L, 
and various other liquids in Le and locate the 
minima, the ratio of currents is proportional to 
the Verdet constant of the liquid in Ls. Fig. 11 
shows the experimental results obtained; a 
striking confirmation of the theory. There is also 
plotted the relation between the excess trolley 
and the Verdet constant, showing that it is the 
Verdet constant rather than a time lag in the 
Faraday effect which determines where the 
minimum shall appear. These large minima were 





| CMON | 





77 Anenehl, 











° “4B * 72 Zé 30 wo o aa @ 
Zz 


w-F zq-T 
Fic. 11. 


observed at wave-length 4481 and also approxi- 
mately 5890, obtained by using iron electrodes 
and a filter. This was done so that values of the 
Verdet constant (which are mostly given for 
5893) could be obtained from tables. Fig. 11 
refers to minima observed with the yellow light. 

It therefore seems improbable that these 
minima are the phenomena observed by others*: ! 
since: 

(1) Their cause is definitely shown to be other 
than a time lag in the Faraday effect. 

(2) Their positions on the trolley scale do not 
accord with positions calculated for them from 
data of others.’ 


” Allison, Phys. Rev. 30, 66 (1927). 





598 ss. 


WEBB 


(3) The positions of these minima on the 
trolley scale are linearly related to the Verdet 
constant. 

(4) These minima are very broad, requiring a 
trolley movement of several meters to pass 
through them, and are easily observable, even 
to an untrained observer. They are large in com- 
parison with the unavoidable fluctuations of the 
light source (series of sparks between magnesium 
rods about 4 mm apart). 


FARADAY Errect CALLS FOR CHANGE IN MIN- 
IMUM APPEARANCE WITH CONCENTRATION 


It has been assumed that the phenomenon 
observed by Allison had to do with the Faraday 
effect; the idea of time lags in the Faraday effect 
has required discussions and proofs but since the 
apparatus is built for the purpose of applying 
magnetic fields to liquids, it has been taken for 
granted that the optical phenomenon of minima 
had to do with a rotation of the plane of polar- 
ization by the magnetic field. The trolley position 
merely determines when the compound shall 
rotate the plane of polarization, and the founda- 
tion of the theory is that at some time the 
Faraday effect occurs and plays a part in 
minimum formation. 

The usual procedure has been to have CSz in 
one cell and an aqueous solution of some 
material in the other. Assuming that we have 
CS» in one cell and an aqueous solution of sodium 
chloride in the other, let us examine the part 
that a rotation of the plane of polarization plays 
in the formation of a minimum. 

According to the Faraday-effect time-lag 
hypothesis, if the trolley is set on the minimum 
position for NaCl, the rotation produced by the 
NaCl occurs at the same time as that produced 
by the CS, but is opposite in direction. Since the 
time lag for water is greater than that for NaCl, 
the light which is acted on by the CS: and NaCl 
will pass to the eye unaffected by the water. If 
the light surge emitted from the spark is long 
enough (which is very probably the case, and 
which is of course the case when a steady source 
of light is used) the water rotates light which 
passes through the coil at a little later time. 

Verdet himself showed that for a number of 
salts in aqueous solution the ratio of the Verdet 
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constant of the solute to solvent was independent 
of the concentration; in other words the ability 
of any one molecule to rotate is not affected by 
the proximity of its neighbors. Thus for a given 
solution, the rotation due to a compound dis- 
solved therein is proportional to the number of 
molecules of the compound per cc. Furthermore 
it has been long known that the Verdet constant 
of a solution varies with the concentration of the 
solute. Schénrock has given an able treatment 
of this question" and has shown that the correct 
expression for the Verdet constant of a solution 
is given by 
W = W1G1/SitWeg2/S2 


where w, w;, and ws. are the Verdet constants of 
the solution, solvent, and solute; g: and qe the 
number of grams per cc of solution of solvent and 
solute; and s, and se are the densities of solvent 
and solute. The term wWeg2/s2 thus represents the 
effect of the dissolved material. The rotation 
produced by the CSz is @(CS2) = 7/V(CS2) where 
H is the magnetic field strength due to the surge 
of current, / the length of cell and V(CSs2) the 
Verdet constant of CSe. The rotation produced 
by the NaCl is 0(NaCl) = Hlweg2/s2. The result- 
ant rotation, when the trolley is set at the NaC] 
minimum, is H/[V(CSe)—wege/s2] which cor- 
responds to a certain light intensity. A displace- 
ment of the trolley from the minimum position 
causes more light to be seen because the two 
rotations represented by the above terms are put 
out of phase. It is evident that the intensity of 
a minimum, or the change of intensity as one 
moves the trolley through the minimum point, 
must depend on the relative magnitudes of the 
two rotations, and hence of the terms V(CSs) 
and Weg2/se. When these two quantities are equal, 
the intensity change is greatest. From data in the 
International Critical Tables, V(CS2) and w» 
computed for wave-length 4481 have values 
0.0871 and 0.056 respectively. Then taking 
g2=0.3 g/cc (which corresponds to a 25 percent 
NaCl solution) we have weg2/s2= 0.056(0.3) /2.16 
= 0.0078 which is much smaller than 0.0871 but 
might possibly result in a noticeable effect to 
the eye when the rotations of the two coils are 
put out of phase. But it is evident that the mag- 


"' Schénrock, Zeits. f. Physik 46, 314 (1928). 
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nitude of any effect due to the NaCl is propor- 
tional to its concentration. Consider its effect 
when g2=10-" g/cc, a concentration at which 


there has been no difficulty in seeing minima. 
WeG2/S2=0.056(10—'°) /2.16 =0.026 x 10-". 


Thus the rotation due to the NaCl is 3X 10-" of 
the rotation due to the CSe, yet the Faraday 
time lag hypothesis applied here requires that by 
shifting the phase of this minute quantity with 
respect to the rotation in the CSe, one produces 
an effect which the eye can detect. Furthermore, 
we have neglected in the above discussion to 
include the effect of the water (Verdet constant 
at 4481 =0.0237) which makes the light effect of 
the NaCl a still smaller fraction of the total. 

The above discussion may be applied to any 
number of cases in which other materials than 
NaCl are present. Certainly if the phenomenon 
reported has to do with the Faraday effect, con- 
centration must play an active rdle. Such is not 
the case, however, as the following descriptions 
of the minima show: “The minima show no 
appreciable change in distinctness at various 
stages of concentration until the dilution at 
which they vanish is approached, when they 
gradually fade out, usually between 1 part in 10" 
and 1 part in 10".""" “The photoelectric cell 
registers but very slight differences in the black- 
ness of the minima with changes in concentra- 
tions over wide limits, a result in agreement with 
visual observations.’’* ‘‘The minima are notice- 
ably broader and somewhat blacker in concen- 
trated solutions.’’ 


ABSOLUTE VALUE OF TIME LAG FoR CS, 


Allison has reported'® that the time lag for 
TIC] is 27.65 X 10~-* seconds shorter than the time 
lag for CSe, and since then has reported further 
data on chlorides of tin and rhenium'® with even 
greater values, one corresponding to a lag which 
is 32.54 10-® seconds shorter than the lag of 
CS.. This means then that the absolute value of 
the lag of CS, must be greater than 3.25 10-° 
seconds. 


Allison, J. A. C. S. 52, 3803 (1930). 
'S Allison, Phys. Rev. 37, 1004 (1932). 
“ Allison, Chem. Ed. 10, 70 (1933). 
'® Allison, J. A. C. S. 52, 3800 (1930). 
'® Allison, J. A. C. S. 54, 614 (1932). 
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Abraham and Lemoine" attempted to measure 
the time lag of CSe, and concluded that it must 
be less than 10~* sec. Allison has reported a 
change of time lag with wave-length’ but the 
wave-length used by Abraham and Lemoine was 
not far from that used by Allison (4481) for they 
used blue light, so it does not seem that the 
divergent conclusions of Allison and Abraham 
and Lemoine can be explained on these grounds. 

A persistent search for sharp minima was 
made by several observers, especially in the 
regions in which minima were found by Allison. 
In the course of these observations, various 
changes and adjustments were made in the 
apparatus, such as varying the value of the con- 
denser C, length of spark gap and frequency of 
spark, in order that optimum conditions would 
be obtained for the appearance of minima. The 
sources of light used were the spark between 
magnesium rods, a mercury arc and a Pointolite 
(incandescent bead of tungsten). Filters were 
used to obtain nearly monochromatic light. The 
only consistent optical phenomena which our 
observers were able to find were the large 
minima already mentioned; a series of tests 
showed that other “minima” reported by the 
observers were due to random and _ spurious 
influences. 

To supplement visual search, a high sensitivity 
photoelectric cell (General Electric Company) 
was used. The amplifier for the small currents 
was a two tube Pliotron bridge. The Pliotrons 
were selected from a number of tubes as the ones 
showing most similar characteristics. The photo- 
electric current flowed through a resistance of 
10" ohms which constituted the input to the 
working tube grid. The limit of accuracy in 
searching for minima was set by the natural 
fluctuations of the source of light rather than by 
a lack of sensitivity or stability of the system 
itself. For the case of the smallest deflections, 
the system introduced fluctuations amounting 
to 2 percent of the deflection produced by the 
light, and in cases when more light was available, 
this figure dropped accordingly. When using the 
Pointolite as source, the deflection was not in 
error by more than } of 1 percent. 


‘7 Abraham and Lemoine, C. R. 130, 499 (1900). 
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The photoelectric cell was not tried in as many 
cases or over as great a range as was done with 
the visual observations but was tried in the 
cases given in Table I. In the first two cases, no 


TABLE I. 








Position of 7: at 
which according to 








Allison the mini- Range 

Case mum is to be found examined 
CSz in each cell 11.5 10-12 
CHCL; in each cell 11.5 10-12 
CS, in L;, CHCL; in L» 3.2 2.5-4.5 
7.0 14-19 


C.He in Li, CS, in L: 17. 








effort was made to render the light mono- 
chromatic. Allison has reported a variation of 
the time lag with the wave-length of light used, 
but when the same liquid is in each cell, the 
position of the minimum should be unchanged 
with wave-length. The results obtained with the 
magnesium spark as light source and the photo- 
electric cell as observer may be summed up as 
follows: 

The unavoidable unsteadiness of the spark 
introduced random galvanometer deflections 
whose mean value was about 5 percent of the 
total deflection and whose peak values were 
about 10 percent of the total deflection. These 
fluctuations were the same in character whether 
the trolley was moved slowly over the minimum 
region or was left stationary at any point. No 
minima were found within the limits of error set 
by the fluctuations mentioned above, and if 
minima of light intensity were present in these 
tests whose origin was not a random or spurious 
influence but was a Faraday time lag or other 
property of the compounds being examined, they 
were too small to be detected. 

It was found that when a steady source of 
light is used (still using the spark as source of 
oscillations), any optical phenomenon arising in 
the coils is much less pronounced than when the 
spark is used as source of light. The explanation 
seems to be that in the case of the spark, an 
intense light is emitted at the moment when 
there is current in the coils; and when the coils 
are inactive between sparks, no light is present. 
With a steady source, because of scattering and 
depolarization, some light passes the crossed 
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nicols even when the coils are inactive. Hence a 
much smaller fraction of the steady light than 
of the spark light is affected by the currents in 
the coils and a motion of the trolley. See Fig. 12. 
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With CS, in each cell, and a Pointolite as source, 
no minimum was visible in the region around 
11.5. The least detectable change in light inten- 
sity was 1/300 of the incident light. Even the 
large minimum, which in the case of the spark 
was easily recorded (see Fig. 9), produced an 
indication scarcely larger than the limit of error. 
Visual observations also yielded no results, so 
the steady source was deemed too unsatisfactory 
to warrant further work with it. 

No x-ray tube was in use nearby at the time of 
making observations; hence the failure to obtain 
minima other than the broad ones whose ex- 
planation has been given cannot be due to any 
interference of x-rays such as is described by 
Allison, who reports “‘it was found in every case 
that the time lag differences of the Faraday 
effect between any pair of the liquids vanished so 
long as the liquids were exposed to the x-rays 
and that the lags were restored with the screening 
off of the x-rays.”’ '8 

In view of the results set forth in this paper it 
appears that a time lag in the Faraday effect 
cannot be responsible for Allison’s results. The 
conclusion is reached that the results are due to 
some as yet unknown cause, appearing only in 
certain apparatus for reasons unknown. Such a 
cause might be in the nature of a Kerr effect in 
the coils, as a result of voltage waves travelling 


'8 Allison, Nature 120, 729 (1927). 
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TIME LAG IN THE 
down the wire paths and building up on the 
coils in a peculiar manner. A few tests were 
made with some cells designed to test this Kerr 
effect hypothesis, but the experiments were not 
carried far enough to reach a definite conclusion. 

Professor J. Papish of the Cornell University 
Department of Chemistry kindly placed his 
magneto-optics apparatus at our disposal, and 
much of the experimental work was done on it. 
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The electrical characteristics were studied both 
on this system and on a similar wire system at 
the University of Minnesota. 

It is a pleasure to thank Professors Ernest 
Merritt and J. R. Collins of the Cornell Physics 
Department for their interest and helpful advice, 
and Mr. A. C. Shuman of the Chemistry Depart- 
ment for many hours of help in the experimental 
work. 
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Prompt publication of brief reports of important 
discoveries in physics may be secured by addressing 
them to this department. Closing dates for this 
department are, for the first issue of the month, the 
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twentieth of the preceding month; for the second 
issue, the fifth of the month. The Board of Editors 
does not hold itself responsible for the opinions ex- 
pressed by the correspondents. 


Experimental Determination of the Distribution of Conduction Electrons in Metals 


The most direct method of finding experimentally the 
distribution with energy of the filled conduction electron 
levels in a metal is to observe the intensity distribution in 
the x-ray bands which are emitted when electrons from 
the conduction group make transitions to replace the 
electrons which have been ejected from the relatively 
sharp atomic K or L-levels of the lattice. It is best to work 
with long wave-lengths; and the region of the extreme 
ultraviolet (40 to 500A), which contains the K-radiation 
of metals of the first row of the periodic table and the 
L-radiation of those of the second row, appears to be the 
most profitable field. A comparison between the beryllium 
K-band at 111A as observed by Séderman! and the pre- 
dictions of theories of the Sommerfeld and Bloch types was 
made by Houston.? He concluded that the observed curve 
approximated more closely to what would be expected on 
the latter theory. But our experiments (with a tangential 
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concave-grating spectrograph of 2 meters radius) hav 
shown that the short wave-length edge of the beryllium 
band is very much sharper than Séderman, and later 
Prins’ (who used plane gratings) had found. The difference 
in the results seems to be due mainly to the care we have 
taken in the preparation and treatment of the metal sur- 
faces, which were evaporated and bombarded by electrons 
in a vacuum of the order of 10-* mm. The result is that 
Houston's conclusion is reversed. As can be seen from 
Figs. 1 and 2, the beryllium band shows a quite close 
agreement with the prediction of the elementary Sommer- 
feld theory. In Fig. 1, Séderman's curve is dotted in fer 
comparison. The agreement will certainly be improved on 
the long wave-length side of the band when the actual 
photometer curve of Fig. 1 is translated to intensities. 
On the Sommerfeld theory, the conduction levels are 
filled up to an energy Eo = (h?/2m)(3n/8x)!, where # is 
the free-electron density. The intensity in a band would 
rise approximately as E! from the tail, until the value £ 
is reached; then, by neglecting small temperature effects, 
it would drop suddenly to zero. The drop for beryllium 
actually occupies about 2 volts; in most of the other metals 
tried, it is even more sudden. On the other hand, among the 
semiconductors, neither carbon nor silicon show this char- 
acteristic; their x-ray bands resemble very diffuse lines 


TABLE I. Observed and calculated widths of the x-ray bands 
from several elements. 








Number of 





conduction Breadth — Breadth 
electrons Edge of Band observed calculated 
Element per atom A volts (volts) (volts) 

Li 1 225.3 54.9 4.2+0.6 4.6 
Be 2 110.9 110.3 13.542 13.8 
c 4(?) 45.4* 272.0* <5 20.8 
Na 1 405t 30.5¢ 3.541 3.2 
Mg 2 251 49.2 8.9+1 a2 
Al 3 169.8 72.8 16.842 12.0 
Si 4 120 102.5 20.0+3 13.0 








* Center of band. 
+t Approximate. 


' Séderman, Zeits. f. Physik 65, 656 (1930). 
* Houston, Phys. Rev. 38, 1797 (1931). 
’ Prins, Zeits. f. Physik 69, 618 (1931). 
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rather than the “triangular’’ shape which is characteristic 
of the genuine metals. A comparison between the Sommer- 
feld and the observed breadths for various elements is 
given in Table I. It will be observed that the breadth is 
given approximately even for the semi-metal silicon; only 
for carbon is there a marked disagreement. 

The bands of the elements sodium to silicon show a type 
of structural complication which does not correspond to 
the multiplicity of the L-levels, and therefore must prob- 
ably be interpreted as a structure effect of the conduction 
electron levels. It may perhaps represent a departure from 
the simple electron-gas theory of a type to be expected for 
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a periodic lattice (Kronig zones). We shall defer discussion 
of this point, since the object of this note is to stress the 
fact that the bands of the metals are much more naturally 
represented by a theory of the Sommerfeld type than by 
one based on perturbed atomic levels. This remark holds 
even in the least favorable case, namely that of the 
alkali metals with their small electron densities. 

H. M. O'Bryan 

H. W. B. SKINNER 

Massachusetts Institute of Technology, 
Cambridge, Massachusetts, 
September 1, 1933. 


Hyperfine Structure of the Rare Earths 


In my recent publications on The Dependence of Nuclear 
Moments on Atomic Number,‘ through an oversight I 
failed to mention some of the earliest important work on 
the subject published by Dr. A. S. King.2 He has shown 
that in general the spectra of the rare earths of odd atomic 
number possess rather wide hyperfine structure patterns, 
while the spectra of the even numbered rare earths are 
comparatively quite sharp. This indicates, among other 
things, that in general the rare earths of odd atomic 
number possess decidedly larger nuclear magnetic moments 
than those rare earths with Z even. This result is in 
complete agreement with the observation' that nuclei of 
Class II (Z odd, M odd) in general possess larger magnetic 
moments than those nuclei of either Classes III or | 
(Z even). 

King® has since noted certain exceptions to this general- 
ization, for the lines of thulium (Z=69) are apparently 
rather sharp while structure has been found in the spectrum 
of one of the even numbered rare earths. These exceptions 
may however be apparent only, for few thulium lines 
have been examined under high resolving power, and the 
structure observed in the spectrum of an even numbered 
rare earth may very possibly be due to isotope displace- 
ment. It is also to be expected that the even numbered 
rare earths will, possess some isotopes with odd mass 
number (nuclei of Class III) which will in general have 
half integral nuclear mechanical moments, and magnetic 
moments different from zero by virtue of which their 
spectra might show hyperfine structure. 

King® lists the probable numbers of components for 
many lines in the spectra of Eu, Tb, Ho and Lu. Since 
his spectrograms were taken under conditions of moderate 
resolving power, only a few of the hyperfine patterns are 
completely resolved. The numbers of components which 
he quotes are often therefore little more than an estimate, 
however, they are probably low, rather than high. It is 
possible therefore to set a lower limit to the value of J 
for the nucleus which gives rise to the observed structure. 

In Table I King’s results on the hyperfine structure of 
Eu, Tb, Ho and Lu are summarized and some conclusions 
are drawn regarding their nuclear mechanical moments. 
Unfortunately the isotopic constitution of these elements 


TABLE I. Nuclear mechanical moments of some of the 
rare earths. 


Greatest No. of 


h.f.s. components Mechanical 


Atomic Probable observed in moment 
Element Z Wt. isotopes flag pattern 
Pr 59 140.9 141 6 5/2 
Eu 63 152.0 151 
153 probably 4 probably >3/2 
Tb 65 159.2 159 6 >5/2 
161 (?) 
Ho 67 163.5 163 6 >5/2 
(possibly 8) (possibly >7/2) 
165 (?) 
Tm 69 169.4 169 no h.f.s. 
observed 
171 (?) 
Lu 71 175.0 175 4 >3/2 


i] 
i] 


is unknown. From the atomic weights (assuming these to 
be fairly accurate) one can say something about their 
probable isotopic constitution—a tentative assignment is 
given in column 4. Previously interpreted results on Pr*. * 
are included in the table for the sake of completeness. 
This table must not be taken too seriously for its main 
purpose is to show how little is really known about the 
nuclear properties of the rare earths. It is hoped that 
further study of the hyperfine structure of the rare earths 
will not only permit the accurate determination of their 
nuclear moments but may also furnish information 
regarding their isotopic constitution. 
NorMAN S. GRACE 
Department of Physics, 
University of California, 
September 7, 1933. 


1 Grace, Phys. Rev. 44, 58 and 361 (1933). 

? King, Astrophys. J. 68, 194 (1928), 72, 373 (1930) 
and 74, 299 (1931). 

§ King, private communication. 

‘Gibbs, White and Ruedy, Proc. Nat. Acad. Sci. 15, 
642 (1929). 
5 White, Phys. Rev. 34, 1397 (1929). 
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Note on the Accommodation Coefficient for Helium 


In a recent paper,! Compton and Lamar, in discussing 
the accommodation coefficient for helium impinging on a 
clean tungsten surface, state that ‘‘we have a variety of 
values reported” and quote values obtained by Roberts? 
and myself. Actually the discrepancy between the two 
values quoted is apparent rather than real. In my work 
on this accommodation coefficient, the purpose was to 
compare the values for helium and argon. As Roberts 
has shown, heat treatment of the tungsten increases the 
value of the coefficient, probably by roughening the 
surface. For the comparison of the two gases, it was 
necessary to have a constant condition of the metal, hence 
repeated heat treatments were carried on until a constant 
and maximum value of the coefficient was obtained. 

The value 0.17, quoted from my paper by Compton 


and Lamar, was therefore a maximum value for clean 
tungsten. Lower values were obtained during the course 
of the work, and I have every reason to believe that 
Robert's value of 0.06 is correct. We may say, then, that 
all recent work on this accommodation coefficient is in 
complete agreement, and checks well with the theoretical 
value given by Compton and Lamar. 
WALTER C. MICHELS 
Department of Physics, 
Bryn Mawr College, 
Bryn Mawr, Pennsylvania, 
September 9, 1933. 


1 Compton and Lamar, Phys. Rev. 44, 338 (1933). 


2 Roberts, Proc. Roy. Soc. A135, 192 (1932). 
3 Michels, Phys. Rev. 40, 472 (1932). 


The Atomic Polarization of CO. 


It has been noted! that atomic polarizations obtained by 
various available methods do not in general agree. The 
atomic polarization, or the contribution of the movement 
of charged atoms and radicals in the molecule to the electric 
polarization, may be obtained as the difference between the 
static dielectric constant and the square of the index of 
refraction in the visible and ultraviolet region extrapolated 
to infinite wave-length. It may be calculated also from 
infrared intensity or from infrared dispersion measure- 
ments on the vibration spectrum of the molecule. 

The absorption intensity measurements of the writer* 
on the fundamental and first harmonic vibration bands of 
CO around 4.674 and 2.354 remove the disagreement pre- 
viously existing between the intensity and other methods of 
obtaining the atomic polarization in CO. This suggests that 
the glaring discrepancies in other cases are probably due to 
experimental errors in the intensity measurements by 
early workers. 

Numerical details are as follows for CO. Zahn® gives the 
value of the temperature independent part of «—1 as 
670 X10-*+1 percent for CO at N.T.P. From the disper- 
sion measurements of Cuthbertson‘ m,2?—1=655 x 10~¢. 
The atomic polarization as the difference between these 
two values is thus 15 10~*. My infrared intensities when 
substituted in formula (5), page 46 of reference 1, give 
5(m?—1) of CO as 8.62X10-* for the fundamental band 
around 4.67, and 0.44 X 10 for the first harmonic, a total 
of 9.1 10-*. The remainder of the discrepancy, 6X 10~, 
lies just within the possible error of 1 percent, or 7.6 10~*, 
which Zahn‘ states for his measurements. Koch* has made 
dispersion measurements on CO in the infrared. His results 
show the effect of infrared vibration bands to be 10 10~* 
which agrees quite well with the infrared intensities meas- 
ured directly. 


It is believed, that in the case of CO further decrease of 
the discrepancy can hardly come from an increase in infra- 
red intensities. The present intensity of the fundamental 
band of CO might arise from an effective charge of 0.82 
electronic charges’ concentrated on the nuclei and vibrating 
with them, whereas the permanent dipole moment requires 
a permanent charge of only 0.02 electronic charges resident 
on the nuclei. The present observed intensity thus requires 
that the first derivative of dipole moment with respect to 
internuclear separation be many times larger than one 
would expect from the permanent dipole strength. 

An approximate calculation was made of the possible 
contribution to dielectric constant measurements from the 
residual conductivity of the gases in the cell due to cosmic 
radiation, etc., which results in an energy absorption and 
hence in a change in m?—1. Cosmic-radiation conductivities 
gave a change of only 2.5X10~" in m?—1 when integrated 
over the region 10u to 100 meters. This possibility is thus 
much too small unless higher conductivities arise in the 
condenser during dielectric constant measurements. 

L. A. MATHESON 

The Dow Chemical Company, 

Midland, Michigan, 
September 10, 1933. 


1VanVieck, The Theory of Electric and Magnetic Sus- 
ceptibilities, Oxford Press, Chapter ITI. 

? Matheson, Phys. Rev. 40, 813 (1932). 

* Zahn, Phys. Rev. 31, 1135A (1928). 

4 Cuthbertson, Proc. Roy. Soc. A97, 152 (1920). 

5 Zahn, Phys. Rev. 24, 400 (1924). 

® Koch, Nova Acta. Soc. Upsala 2, No. 5 (1909). 

7 According to Dennison, the older absorption data of 
Burmeister and of Coblentz yielded 0.13 instead of 0.82. 
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